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FIBRED 2-CATEGORIES AND BICATEGORIES
MITCHELL BUCKLEY
Abstract. We generalise the usual notion of fibred category; first to fibred 2-categories
and then to fibred bicategories. Fibred 2-categories correspond to 2-functors from a 2-
category into 2Cat. Fibred bicategories correspond to trihomomorphisms from a bicat-
egory into Bicat. We describe the Grothendieck construction for each kind of fibration
and present a few examples of each. Fibrations in our sense, between bicategories, are
closed under composition and are stable under equiv-comma. The free such fibration on
a homomorphism is obtained by taking an oplax comma along an identity.
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2 MITCHELL BUCKLEY
1. Introduction
Fibred categories were first developed by Grothendieck [Gro71, Gro95] to describe no-
tions of descent in algebraic geometry. Some of this material was then extended by
Gray [Gra66] as tool for understanding Cˇech cohomology and by Giraud [Gir64, Gir71]
for non-abelian cohomology. Later, Street described fibrations internal to any bicategory
[Str74, Str80] together with internal two-sided fibrations. Some more recent work on in-
ternal fibrations can be found in [Rei10]. Fibrations have found strong application in
categorical logic: in describing comprehension schema for categories [Gra69, Law70] and
via indexed categories [PS78]. For an overview of applications to categorical logic and
type theory see [Jac99]. Fibrations were also used by Benabou [Be´n85] to describe some
foundations of category theory.
Fibred 2-categories (also called 2-fibrations) were investigated by Hermida [Her99] where
the projection Fib → Cat was used as a canonical example. A definition of 2-fibration
is given that very nearly (but not entirely) captures the full structure required for a
Grothendieck construction. This definition was extended in a preprint by Bakovic [Bak11]
to strict homomorphisms of bicategories. In that paper he describes the action-on-objects
of a Grothendieck construction sending trihomomorphisms Bcoop → Bicat to fibrations of
bicategories. The paper also presents a large number of examples and from each strict
homomorphism of bicategories he constructs a ‘canonical fibration’ associated to that ho-
momorphism. Fibrations of bicategories are characterised by a certain right biadjoint right
inverse. The action-on-objects of a pseudo-inverse to the Grothendieck construction is also
partially described.
Our goal is to establish precise definitions of 2-fibration and fibration of bicategories
by describing a complete Grothendieck construction in each case. By ‘complete’ we mean
a construction that is provably a 3-equivalence or triequivalence. In the most general
case fibrations of bicategories should be triequivalent to trihomomorphisms into Bicat.
Among other things this means dealing with the fibers of non-strict homomorphisms and
understanding the properties of cartesian 1- and 2-cells. Our second goal is to understand
in what sense these fibrations are closed under ‘pullback’ and composition. Third, we aim
to describe the ‘free fibration’ on a homomorphism of bicategories.
In doing this we find that the existing definitions of fibration need to be adjusted:
cartesian 2-cells must be preserved by both pre- and post-composition with any 1-cell.
Without this change it is not possible to construct a pseudo-inverse to this Grothendieck
construction and fibrations of bicategories do not truly correspond to trihomomorphisms
Bcoop → Bicat. In general, fibrations of bicategories can be non-strict homomorphisms
P : E → B and we use the fact that fibrations are locally iso-lifting to show that any
fibration is equivalent to a strict (and better behaved) fibration. We prove many of the
usual results concerning cartesian 1-cells in this new context. The main result is a proof
that the Grothendieck construction described partially in [Bak11] can be extended to a
full triequivalence once the necessary adjustments are made. We give the construction of
the free fibration (Bakovic’s canonical fibration) using the oplax comma construction. We
also show that fibrations are closed under composition and closed under equiv-comma.
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In section 1 we give an introduction and remind the reader of the basic theory of fibred
categories. Subsection 1.1 includes the basic definitions of cartesian arrow, fibration, cleav-
age, et cetera. We then outline some standard properties of cartesian arrows and give a
brief description of the original Grothendieck construction.
In section 2 we outline the theory of fibred 2-categories. We say that a 2-category is
fibred when it is the domain of a 2-fibration. In line with the usual theory, we require
that these 2-functors have cartesian 1-cells which are cartesian in the normal sense but
also have a 2-dimensional lifting property. A 2-fibration P also has cartesian 2-cells which
are cartesian as 1-cells for the action of P on hom-sets; we ask also that cartesian 2-cells
be closed under horizontal composition. In subsection 2.1 we give definitions of cartesian
1-cell, cartesian 2-cell and 2-fibration. We prove 2-categorical versions of the standard
results concerning cartesian 1-cells. Subsection 2.2 gives the Grothendieck construction
for 2-categories: this is an equivalence that sends 2-fibrations P : E → B to 2-functors
from Bcoop → 2Cat. Subsection 2.3 contains some examples of 2-fibrations. Many of the
results found in this section correspond well with the classical theory and become somewhat
routine once the right foundations are established.
In section 3 we outline the theory of fibred bicategories. We say that a bicategory
is fibred when it is the domain of a (bicategorical) fibration. Fibrations of bicategories
have the same structure as 2-fibrations except that cartesian 1-cells have a much weaker
lifting property defined by bipullback in Cat. This significantly weakens the usual results
concerning cartesian 1-cells: multiple invertible 2-cells are introduced into every calculation
and many uniqueness properties are reduced to ‘unique up to isomorphism’ or weaker.
Despite these complications the usual results can be stated in a form that is consistent
with this bicategorical setting. Subsection 3.1 covers these new definitions and results. The
fact that fibrations are locally fibred means that they locally have the iso-lifting property;
as a result many of the complications mentioned above can be simplified. In subsection
3.2 we show that every fibration is equivalent to one with a somewhat simpler structure.
Subsection 3.3 describes the Grothendieck construction for fibrations between bicategories:
a triequivalence that sends fibred bicategories to trihomomorphisms into Bicat! Some of
the heavier calculations have been omitted as they are not immediately helpful to the
reader. Subsection 3.4 contains a number of examples.
In section 4 we investigate how fibrations between bicategories behave under composi-
tion, pullback and comma. Fibrations are closed under composition (4.1) and stable under
(bi-)pullback (4.2). We define the oplax comma of two homomorphisms (4.3) and show
that the free fibration on a homomorphism is given by taking the oplax comma with the
identity.
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1.1. Standard notation. Suppose P : E → B is a functor. A map f : a → b in E is
cartesian when
E(z, a)
f∗ //
Pza

E(z, b)
Pzb

B(Pz, Pa)
Pf∗
// B(Pz, P b)
is a pullback. This is the same as saying that for each g : c → b with Pg = Pf.h there
exists a unique hˆ : c→ a with P hˆ = h and g = f.hˆ.
A functor P is a fibration when for all e ∈ E and f : b→ Pe in B there is a cartesian map
h : a→ e with Ph = f . In this case we say that h is a cartesian lift of f . We say that E is a
fibred category when it is the domain of a fibration. A cleavage for a fibration P is a function
ϕ( , ) that describes a choice of cartesian lifts. That is, ϕ(f, e) : f ∗e → e is the chosen
cartesian lift of f at e. A fibration equipped with a cleavage is called a cloven fibration.
Every fibration can be equipped with a cleavage using the axiom of choice so we implicitly
regard all fibrations as cloven. If a cloven fibration has ϕ(g.f, e) = ϕ(g, e).ϕ(f, g∗e) and
ϕ(1Pe, 1) = 1e then we say the cleavage is split and call it a split fibration.
The following results are easy to verify: Cartesian lifts of any f are unique up to isomor-
phism in the slice over their common codomain. If f and g are cartesian then so is g.f . If
g.f and g are cartesian then so is f . If f is cartesian and Pf is an isomorphism, then f is
an isomorphism.
Suppose that
E
P ❂
❂❂
❂❂
❂❂
F
((
G
66α D
Q  ✁✁
✁✁
✁✁
✁
B
where P and Q are fibrations. We say that F is cartesian when it preserves cartesian
maps and P = QF . If P and Q are cloven fibrations and F has the property that
F (ϕ(v, e)) = ϕ(v, Fe) we say that F is split. A natural transformation α is called vertical
when 1P = Qα as pictured.
We use Fib(B) to denote the 2-category of fibrations over B, cartesian functors and
vertical natural transformations. Let Cat be the 2-category of small categories. We use
Hom(Bop,Cat) to denote the 2-category of pseudo-functors, pseudo-natural transforma-
tions and modifications. TheGrothendieck construction is a 2-functor el : Hom(Bop,Cat)→
Fib(B). It sends each pseudo-functor F : Bop → Cat to the obvious projection elF → B
from the category of elements. The category of elements has objects pairs (a, x) where a ∈
B and x ∈ Fa; arrows are pairs (f, u) : (a, x)→ (b, y) where f : a→ b and u : x→ Ff(y).
The Grothendieck construction is an equivalence.
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Suppose the following square is a pullback. If P is a fibration then P ′ is a fibration and
F ′ is a cartesian functor; F ′ also reflects cartesian maps.
D
F ′ //
P ′

E
P

C
F
// B
Fibrations are also closed under composition. There is a 2-monad on Cat/B whose category
of algebras is Fib(B). The monad acts by taking the comma category of each functor
F : A→ B with 1B; the corresponding projection into B is the free fibration on F .
A functor P : E → B is a Street fibration when for all e ∈ E and f : b → Pe in B
there is a cartesian map h : a→ e with Ph ∼= f . This isomorphism is in the slice over Pe.
Morphisms of Street fibrations P ,Q are pairs (F, F ′) where QF ∼= F ′P and F preserves
cartesian maps. This is only a slight variation on the ordinary notion of fibration but is
useful for considering fibrations internal to a 2-category.
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2. Fibred 2-Categories
We present the basic data and properties of fibrations of 2-categories. All notions in this
section are completely 2-categorical unless otherwise indicated.
2.1. Definitions and properties of cartesian 1- and 2-cells. We wish to define fibra-
tions of 2-categories in a way that fits with usual definition of fibration of categories. It is
thus necessary to describe cartesian arrows (and in this case cartesian 2-cells). Let E and
B be 2-categories and let P : E → B be a 2-functor.
2.1.1.Definition. We shall say a 1-cell f : x→ y in E is cartesian when it has the following
two properties.
(1) For all h : z → y and u : Pz → Px with Ph = Pf.u, there is a unique uˆ : z → x
with P uˆ = u and h = f.uˆ;
z
h
''PP
PPP
PPP
PPP
PPP
PP
uˆ

Pz
Ph
((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
u

x
f
// y Px
Pf
// Py
.
We call uˆ the lift of u.
(2) For all σ : h ⇒ k, τ : u⇒ v with Pσ = Pf.τ and lifts uˆ,vˆ of u,v, there is a unique
τˆ : uˆ⇒ vˆ with P τˆ = τ and σ = f.τˆ .
z
h
k **
σ{ ⑧
⑧uˆ

vˆ

τˆ
ks
Pz
Ph
!!Pk
++
Pσ
{ ⑧⑧u

v

τ
ks
x
f
// y Px
Pf
// Py
We call τˆ the lift of τ .
It is not hard to prove that:
2.1.2. Proposition. A 1-cell f : x→ y in E is cartesian if and only if
E(z, x)
f∗ //
Pzx

E(z, y)
Pzy

B(Pz, Px)
Pf∗
// B(Pz, Py)
is a pullback in Cat.
2.1.3. Definition. A 2-cell α : f ⇒ g : x→ y in E is cartesian if it is cartesian as a 1-cell
for the functor Pxy : E(x, y)→ B(Px, Py).
We take the time here to establish a few basic properties of cartesian maps.
2.1.4. Proposition. Suppose P : E → B is a 2-functor.
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(1) If f : x→ y in E is cartesian for P , then it is cartesian for the underlying functor
P0 : E0 → B0.
(2) If f : x → y and f ′ : z → y are cartesian and Pf = Pf ′ then there exists a unique
isomorphism h : z → x with f ′ = h.f and Ph = 1Pa.
(3) If f : x→ y is cartesian and Pf is an isomorphism then f is an isomorphism.
(4) Suppose f : x→ y and g : y → z in E. If f and g are cartesian then g.f is cartesian.
(5) Suppose f : x→ y and g : y → z in E. If g and g.f are cartesian then f is cartesian.
Proof. (1) is true because cartesian 1-cells have the ordinary lifting property for 1-cells.
(2) and (3) are a consequence of (1). For (4), notice that since f and g are cartesian, the
two commuting squares below are pullbacks. Hence, the outer rectangle is a pullback and
g.f is cartesian.
E(w, x)
f∗ //
Pwx

E(w, y)
Pwy

g∗ // E(w, z)
Pwz

B(Pw, Px)
Pf∗
// B(Pw, Py)
Pg∗
// B(Pw, Pz)
For (5), use the same diagram as above. Since g and g.f are cartesian, the right square and
outer rectangle are pullbacks. Hence, the left square is a pullback and f is cartesian. 
2.1.5. Proposition. Suppose P : E → B is a 2-functor and that h : y → z, α : f ⇒ g : x→
y in E. If h and hα are cartesian then α is cartesian.
Proof. Since h is cartesian, the following square is a pullback.
E(x, y)
h∗ //
Pzx

E(x, z)
Pzy

B(Px, Py)
Ph∗
// B(Px, Pz)
It is a property of pullbacks that h∗ reflects cartesian maps. Now since hα is cartesian, α
is cartesian. 
2.1.6. Definition. A 2-functor P : E → B is a 2-fibration if
(1) for any e ∈ E and f : b→ Pe, there is a cartesian 1-cell h : a→ e with Ph = f ;
(2) for any g ∈ E and α : f ⇒ Pg, there is a cartesian 2-cell σ : f ⇒ g with Pσ = α;
and
(3) the horizontal composite of any two cartesian 2-cells is cartesian.
We say that E is a fibred 2-category when it is the domain of a 2-fibration P : E → B.
2.1.7. Remark. The second condition could equivalently be stated as “Pxy : E(x, y) →
B(Px, Py) is a fibration for all x, y in E”. In this case we say that P is locally fibred.
2.1.8. Remark. The third condition could equivalently be stated as “cartesian 2-cells
are closed under pre-composition and post-composition with arbitrary 1-cells”. This is a
8 MITCHELL BUCKLEY
consequence of the middle-four interchange and the fact that cartesian 2-cells are closed
under vertical composition.
2.1.9. Remark. The first definition of 2-fibration was given by Hermida in [Her99]. His
local characterisation of 2-fibrations (Theorem 2.8) is identical to our definition except that
it only requires cartesian 2-cells to be closed under pre-composition with any 1-cell. We
insist that cartesian 2-cells also be closed under post-composition with any 1-cell. The two
definitions are not equivalent. This is illustrated by the following example.
Let Fib be the 2-category whose objects are fibrations P , Q in Cat; 1-cells are pairs of
functors (F,G) such that QF = GP and F is cartesian; and 2-cells are pairs of natural
transformations (α, β) such that Qα = βP .
E
P

F
((
F ′
66α D
Q

B
G
((
G′
66β C
There is an obvious projection cod : Fib→ Cat that sends P to B, (F,G) to G and (α, β)
to β.
This is the 2-functor Hermida takes as a prototype for 2-fibrations. Its cartesian 1-
cells are pullback squares and its cartesian 2-cells are pairs of natural transformations
whose first component is point-wise cartesian. Pre-composition with 1-cells obviously pre-
serves cartesian 2-cells because it amounts to re-indexing the natural transformations.
Post-composition with 1-cells also preserves cartesian 2-cells because the 1-cells in Fib are
cartesian in their first component.
Suppose we modify Fib by not requiring 1-cells to be cartesian in their first component.
In this case cod is a Hermida-style 2-fibration and not a 2-fibration by our definition. Thus
the definitions are not equivalent. We will show later that the post-composition property
is required to give a correspondence with 2-functors Bcoop → 2Cat.
2.1.10. Definition. A cleavage for a 2-fibration P is a function ϕ(−,−) that describes a
choice of cartesian lifts. The 1-cell ϕ(f, e) is the chosen cartesian lift of f : b → Pe at e.
The same notation is used for chosen cartesian lifts of 2-cells. A 2-fibration with a cleavage
is called a cloven 2-fibration. A split 2-fibration is a cloven 2-fibration with the property
that
(1)
ϕ(fg, e) = ϕ(f, e).ϕ(g, f ∗e)
ϕ(αβ, k) = ϕ(α, k).ϕ(β, α∗k)
ϕ(α ∗ γ, kj) = ϕ(α, k) ∗ ϕ(γ, j)
and
(2)
ϕ(1Pe, e) = 1e
ϕ(1Pk, k) = 1k.
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These conditions specify that cartesian maps be closed under all forms of composition and
that cartesian lifts of identities are identities. We say that P is locally split when each Pxy
is split (the second conditions in (1) and (2) above). We say that P is horizontally split
when chosen cartesian 2-cells are closed under horizontal composition (the third condition
in (1) above).
2.1.11. Remark. Every 2-fibration can be equipped with a cleavage using the axiom of
choice. Since cartesian lifts are unique up to isomorphism the choice of cleavage for a
2-fibration does not significantly affect its behaviour. As a result we usually suppose that
every 2-fibration is cloven and rarely distinguish between one cleavage and another.
2.1.12. Remark. The three conditions in (1) insist that chosen cartesian lifts are closed
under composition of 1-cells, composition of 2-cells and horizontal composition of 2-cells.
There is some subtlety in the third condition. We could equally well ask that chosen
cartesian 2-cells be closed under pre- and post-composition with arbitrary 1-cells:
(3)
ϕ(α, k)j = ϕ(αPj, kj)
kϕ(γ, j) = ϕ(Pkγ, kj)
for all j and k. The equivalence of these two statements relies on the first two conditions
in (1) and the middle-four interchange.
2.1.13. Definition. Suppose P : E → B and Q : D → B are 2-fibrations. A 2-functor
η : E → D between fibred 2-categories is cartesian when it preserves all cartesian maps
and has Qη = P . A cartesian 2-functor η : E → D is split when it preserves choice of
cartesian maps:
(4)
η(ϕ(f, e)) = ϕ(f, η(e))
η(ϕ(α, k)) = ϕ(α, η(k)).
A 2-natural transformation α : η ⇒ τ is vertical when Qα = 1P . A modification Γ: α⇛ β
is vertical when QΓ = 11P .
Suppose that B is a 2-category. Let Fibs(B) be the 3-category of split 2-fibrations over
B, split cartesian 2-functors, vertical 2-natural transformations and vertical modifications.
Let 2Cat be the 3-category of 2-categories, 2-functors, 2-natural transformations and mod-
ifications. Let [Bcoop, 2Cat] be the 3-category of contravariant 2-functors from B to 2Cat,
2-natural transformations, modifications and perturbations.
The following two results will prove useful.
2.1.14. Proposition. Suppose that P : E → B is a 2-functor and that α and β are carte-
sian. If β ∗ α is cartesian then all cartesian 2-cells over Pα and Pβ are closed under
horizontal composition.
a α
f
&&
h
88 b
g
&&
k
88β c
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Proof. Suppose that α, β and β ∗ α are cartesian and γ and δ are cartesian lifts of Pα
and Pβ. There exist unique isomorphisms η and τ such that γ = α.η and δ = β.τ . Then
δ ∗ γ = (β.τ) ∗ (α.η) = (β ∗ α).(τ ∗ η). Since β ∗ α is cartesian and τ ∗ η is an isomorphism
δ ∗ γ is cartesian. 
2.1.15. Proposition. Suppose that P and Q are 2-fibrations and the following diagram
commutes.
E
P   ❅
❅❅
❅❅
❅❅
❅
F // D
Q~~⑦⑦
⑦⑦
⑦⑦
⑦⑦
B
If F preserves chosen cartesian maps then it preserves all cartesian maps.
Proof. Suppose that α : f ⇒ h is cartesian in D. It factors as α = ϕ(Pα, h).σ where σ
is an isomorphism. Then Fα = Fϕ(Pα, h).Fσ and since F preserves chosen cartesian
maps and isomorphisms Fα is cartesian. The reasoning for cartesian 1-cells is exactly the
same. 
2.2. The Grothendieck construction. We will describe the Grothendieck construction
for split fibred 2-categories: an equivalence
el : [Bcoop, 2Cat]→ Fibs(B).
We are mostly concerned with its action on objects and use “Grothendieck construction” to
mean both the action on objects and the whole 3-functor. This generalises the Grothendieck
construction for ordinary fibrations. We found that the Grothendieck construction for
general 2-fibrations could not be described so neatly as for split 2-fibrations; this is discussed
in Remark 2.2.13. In section 3 we will give a more general result: the Grothendieck
construction for fibred bicategories.
2.2.1.Construction (The Grothendieck construction for 2-categories). Suppose that F : Bcoop →
2Cat. Let elF be the 2-category:
• 0-cells are pairs (x, x ) where x ∈ B and x ∈ Fx.
• 1-cells are pairs (f, f ) : (x, x )→ (y, y ) where f : x→ y and f : x → Ff(y ).
• 2-cells are pairs (α, α ) : (f, f )⇒ (g, g ) : (x, x )→ (y, y ) where α : f ⇒ g and
x
f //
g
&&▼▼
▼▼▼
▼▼
▼▼▼
▼▼ Ff(y )
α
#
❄❄
Fg(y )
Fαy
OO
.
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• If (α, α ) as above and (γ, γ ) : (g, g )⇒ (h, h ) : (x, x )→ (y, y ) then the compos-
ite (γ, γ ).(α, α ) has first component γ.α and second component
x
f //
g
&&▼▼
▼▼
▼▼▼
▼▼
▼▼▼
h
$$
Ff(y )
α
#
❄❄
Fg(y )
Fαy
OO
Fh(y )
Fγy
OO
γ
#
❄❄
.
• If (α, α ) as above and (β, β ) : (j, j )⇒ (k, k ) : (y, y )→ (z, z ) then the composite
(β, β ) ∗ (α, α ) has first component β ∗ α and second component
x
f //
g &&▼▼
▼▼
▼▼
▼▼▼
▼▼▼
Ff(y )
Ff(j )
//
Ff(k ) ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
FfFj(z )
α
#
❄❄
Fg(y )
Fg(k ) ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
Fαy
OO Ff(β )
#
❄❄
FfFk(z )
Ff(Fβz )
OO
FgFk(z )
FαFk(z )
OO
.
• Identity 1-cells are (1x, 1x ) : (x, x )→ (x, x ) and identity 2-cells are (1f , 1f ) : (f, f )⇒
(f, f ).
By projecting onto the first component of elF we obtain a 2-functor PF : elF → B.
2.2.2. Proposition. PF : elF → B is a split 2-fibration.
Proof. It is easy to show that elF is a 2-category. Associativity and unit laws rely on
the fact that F is a 2-functor and that it maps into 2Cat. Now notice that in the first
component of elF composition is just composition in B. Thus PF is a 2-functor.
We need to show that PF is a 2-fibration. Suppose that (y, y ) in elF and f : x → y
in B. We claim that (f, 1Ff(y )) : (x, Ff(y )) → (y, y ) is cartesian over f . This can be
verified by examining the diagram
(z, z )
(g,g )
&&(g′,g ′)
,,
(α,α )
{ ⑧⑧(h,g )

(β,α )
ks(h′,g ′)

(x, Ff(y ))
(f,1Ff(y ))
// (y, y )
z
g
g
′
++
α{ ⑧
⑧h

h′

β
ks
x
f
// y
and showing that the indicated lifts are unique.
Suppose that (g, g ) : (x, x )→ (y, y ) in elF and α : f ⇒ g : x→ y in B. We claim that
(α, 1Fαy g ) : (f, Fαy g ) ⇒ (g, g ) is cartesian over α. This can be verified by examining
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the diagram
(h, h )
(β,β )
!)❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑
(σ,β )

(f, Fαy g )
(α,1Fαy g )
+3 (g, g )
h
σ

β
'❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋
f α
+3 g
and showing that the indicated lift is unique.
When
(x, x )
(f,f )
// (y, y )
(g,g )
// (z, z )
x
f ′
''
f
77α y
g′
''
g
77σ z
the chosen cartesian lifts of α and σ compose to give
(α, 1Fαy f ) ∗ (σ, 1Fσz g ) = (α ∗ σ, Ff
′(1Fσz g ) ∗ 1Fαy f )
= (α ∗ σ, 1Ff ′(Fσz g )Fαy f )
= (α ∗ σ, 1F (σ∗α)z Ff(g )f )
because Ff is a 2-functor, Fα is 2-natural and F is a 2-functor. Thus chosen cartesian 2-
cells are closed under horizontal composition and by Proposition 2.1.14 all cartesian 2-cells
are closed under horizontal composition. Thus PF is a 2-fibration.
We need to show that PF is split. The equations above demonstrate that PF is horizon-
tally split. The other two conditions are a matter of routine verification.

2.2.3. Construction (Pseudo-inverse to the Grothendieck construction). Suppose that
P : E → B is a split 2-fibration. We define a functor FP : B
coop → 2Cat as follows:
on 0-cells: FP b = Eb for all b ∈ B. Eb is the fibre of P over b i.e. the sub-category of E
with 0-, 1-, and 2-cells being those that map to b, 1b and 11b.
on 1-cells: FPf = f
∗ : Eb′ → Eb is the 2-functor described by the following diagram.
f ∗e
f∗k

f∗h

f∗α+3
ϕ(f,e)
// e
k

h

α +3
f ∗e′
ϕ(f,e′)
// e′
✤ P //
b
f //
1b

1b

=
b′
1b′

1b′

=
b
f
// b′
It sends e to the domain of ϕ(f, e). It sends h, k to the unique f ∗h, f ∗k over 1b generated
by the cartesian 1-cell ϕ(f, e′) and α to the unique f ∗α over 11b.
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on 2-cells: FPσ = σ
∗ : g∗ ⇒ f ∗ : Eb′ → Eb is the 2-natural transformation described by the
following diagram.
f ∗e ϕ(f,e)
&&
g∗e
σ∗e 00
ϕ(g,e)
66ϕ(σ,ϕ(g,e)) e ✤ P // b
f
''
g
77σ b
′
We take the cartesian lift of σ at ϕ(g, e) and uniquely factorise its domain as ϕ(f, e)σ∗e .
Then (FPσ)e = σ
∗
e . This unique factorisation is explained in Proposition 2.2.5.
2.2.4. Proposition. FP is a 2-functor B
coop → 2Cat.
Proof. First of all, it is clear that Fb = Eb is well defined as a 2-category. Second, when
f : b→ b′ in B we get ϕ(f, e′)(f ∗α.f ∗β) = (α.β)ϕ(f, e). Thus by the uniqueness of liftings
along ϕ(f, e) we have f ∗(α.β) = f ∗α.f ∗β. The diagrams are:
f ∗e
ϕ(f,e)
//
f∗k

f∗g

f∗h

f∗αksf
∗βks
e
k
  
g

h

αksβks
f ∗e′
ϕ(f,e′)
// e′
f ∗e
ϕ(f,e)
//
f∗h

f∗h

f∗1h
ks
e
h

h

1h
ks
f ∗e′
ϕ(f,e′)
// e′
Similarly, we have ϕ(f, e′)1f∗h = 1hϕ(f, e) and thus f
∗1h = 1f∗h. Very similar arguments
tell us that f ∗(β ∗ α) = f ∗β ∗ f ∗α and f ∗(1e) = 1f∗e. Thus f
∗ is a 2-functor.
On 2-cells, when σ : g ⇒ f we display the 2-natural transformation σ∗ as
g∗e
ϕ(g,e)
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼
		
ks
f ∗e
ϕ(σ,ϕ(g,e))
ϕ(f,e)
//
σ∗e
77♣♣♣♣♣♣♣♣♣♣♣♣♣
f∗h
		
f∗k

f∗α
ks
e
h
		
k

α
ksg∗e′
ϕ(g,e′)
&&▼▼
▼▼▼
▼▼▼
▼▼▼
▼▼
f ∗e′
ϕ(f,e′)
//
σ∗
e′ 88♣♣♣♣♣♣♣♣♣♣♣♣
ϕ(σ,ϕ(g,e′))
e′
where the 2-cell at the back is g∗α. We want to show that g∗α.σ∗e equals σ
∗
e′ .f
∗α. For
simplicity, let η = ϕ(σ, ϕ(g, e)) and τ = ϕ(σ, ϕ(g, e′)). Since g∗ασ∗e and σ
∗
e′f
∗α both map
down to 1b, if we can show that ϕ(g, e
′)g∗ασ∗e = ϕ(g, e
′)σ∗e′f
∗α then they must be equal
because of uniquness of lifts along cartesian 1-cells. By the same reasoning, this last
equation will hold if we can show that τf ∗k.ϕ(g, e′)(g∗α)σ∗e = τf
∗k.ϕ(g, e′)(σ∗e′)f
∗α. Now
we use various combinations of the middle-four interchange, cartesian 2-cells are split, the
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front square commutes and back-right square commutes to obtain:
τf ∗k.ϕ(g, e′)(σ∗e′)f
∗α = ϕ(f, e′)f ∗α.τf ∗h
= αϕ(f, e).hη
= αϕ(g, e)σ∗e .kη
= τ.ϕ(g, e′)(g∗α)σ∗e .
Thus the back-left composites are equal and σ∗ is a 2-natural transformation.
Now we need to show that FP preserves composition and identities. For vertical com-
position of 2-cells, we get
h∗e ϕ(h,e)
((❘❘
❘❘❘
❘❘❘
❘
g∗e
(αβ)∗e
55❦❦❦❦❦❦❦❦❦
ϕ(g,e)
77ϕ(αβ,ϕ(g,e)) e
h∗e
ϕ(h,e)
!!❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉
f ∗e
β∗e
55❦❦❦❦❦❦❦❦❦
ϕ(f,e) ..
ϕ(β,ϕ(f,e))
g∗e
α∗e
55❧❧❧❧❧❧❧❧❧
ϕ(g,e)
55ϕ(α,ϕ(g,e)) e
and assert that ϕ(αβ, ϕ(g, e)) = ϕ(α, ϕ(g, e)).ϕ(β, ϕ(f, e))α∗e because of the splitness condi-
tions. Since (αβ)∗e is defined via unique factorisation it follows directly that (αβ)
∗ = β∗α∗.
Similarly, ϕ(1g, ϕ(g, e)) = 1ϕ(g,e) and hence (1g)
∗ = 1g∗ . Thus 2-cell composition is pre-
served.
For composition of 1-cells, we get
g∗f ∗e
ϕ(g,f∗e)
//
g∗f∗h

g∗f∗k

g∗f∗α+3
f ∗e
ϕ(f,e)
//
f∗h

f∗k

f∗α+3
e
k

h

α +3
g∗f ∗e′
ϕ(g,f∗e′)
// f ∗e′
ϕ(f,e′)
// e′
and assert that ϕ(gf, e) = ϕ(f, e).ϕ(g, f ∗e) because of the splitness conditions. It follows
directly that f ∗g∗ = (gf)∗. Similarly, ϕ(1b′, e) = 1e and hence (1b′)
∗ = 1Eb′ . Thus 1-cell
composition is preserved.
For horizontal composition of 2-cells we get
h∗k∗e ϕ(h,k∗e)
++❲❲❲❲
❲❲❲❲
h∗f ∗e ϕ(h,f∗e)
++❱❱❱❱
❱❱❱❱
h∗τ∗e 33❣❣❣❣❣❣❣
k∗e ϕ(k,e)
++❱❱❱❱
❱❱❱❱
❱❱
g∗f ∗e ϕ(σ,ϕ(g,f∗e))
ϕ(g,f∗e)
44
σ∗
f∗e 33❤❤❤❤❤❤❤
f ∗e ϕ(τ,ϕ(f,e))
τ∗e 33❤❤❤❤❤❤❤❤❤
ϕ(f,e)
44 e
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and
hk∗e ϕ(hk,e)
++❲❲❲❲
❲❲❲❲❲
❲❲❲❲❲
❲❲
gf ∗e ϕ(στ ,ϕ(gf,e))
ϕ(gf,e)
33
(στ)∗e
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣
e .
The top-left 1-cells are the components of (στ)∗ and τ ∗σ∗. By the splitness conditions on
2-cells these two diagrams are equal as 2-cells. By the splitness conditions on 1-cells the
top-right 1-cells are equal. Finally, by uniqueness of factorisation, the top-left 1-cells are
equal. 
To prove that the Grothendieck construction is surjective up to isomorphism, we will
need the following two results.
2.2.5. Proposition. Suppose P : E → B is a 2-fibration. Every f : x → z in E factors
uniquely as
x
fˆ

f
##●
●●
●●
●●
●●
y
ϕ(Pf,z)
// z
where P fˆ = 1Px.
Proof. Simply note that
x
f
##●
●●
●●
●●
●●
y
ϕ(Pf,z)
// z
over
Px
1Px

Pf
$$❏❏
❏❏
❏❏
❏❏
❏❏
Px
Pf
// Pz
and there exists a unique fˆ : x→ y with P fˆ = 1Px and f = ϕ(Pf, z)fˆ . 
2.2.6. Proposition. Suppose P : E → B is a 2-fibration. Every α : f ⇒ g factors uniquely
as
w f
g ..
α
z
=
w
fˆ
))
gˆ &&▼▼
▼▼▼
▼▼▼
▼▼ αˆ y ϕ(Pf,z)
&&▲▲
▲▲▲
▲▲▲
▲▲
x
hˆ
88rrrrrrrrrr
ϕ(Pg,z)
55ϕ(Pα,ϕ(Pg,z)) z
where P fˆ = P gˆ = P hˆ = 1Pw and P αˆ = 11Pw .
Proof. The proof is similar to that above but somewhat more involved. Begin by uniquely
factoring f = ϕ(Pf, z) · fˆ and g = ϕ(Pg, z) · gˆ by Proposition 2.2.5. Now take the cartesian
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lift of Pα at ϕ(Pg, z):
x
h
''
ϕ(Pg,z)
77ϕ(Pα,ϕ(Pg,z)) z over Px
Pf
&&
Pg
99Pα Pz .
Then ϕ(Pα, ϕ(Pg, z))gˆ is cartesian over Pα and
f
α
 (❍
❍❍
❍❍
❍❍
❍❍
❍❍
hgˆ
ϕ(Pα,...)gˆ
+3 g
over
Pf
1Pf

Pα
!)❏
❏❏
❏❏
❏❏
❏❏
❏
❏❏
❏❏
❏❏
❏❏
Pf
Pα
+3 Pg
so there exists a unique η with Pη = 1Pf and
w f
g ..
α
z
=
w
fˆ
))
gˆ &&▼▼
▼▼▼
▼▼▼
▼▼ y ϕ(Pf,z)
&&▲▲
▲▲▲
▲▲▲
▲▲
η
x
h
))
ϕ(Pg,z)
55ϕ(Pα,ϕ(Pg,z)) z
.
By Proposition 2.2.5 we factor h = ϕ(Pf, z) · hˆ uniquely where P hˆ = 1Px. Finally, we
observe that
w
f
))
η{ ⑧
⑧fˆ

hˆgˆ

y
ϕ(Pf,z)
// z
over
Pw
Pf
Pf ))
1Pf
{ ⑧⑧1Pw
		
1Pw

11
ks
Pw
Pf
// Pz
so there exists a unique αˆ : fˆ ⇒ hˆgˆ over 11Pw with η = αˆϕ(Pf, z) and hence a unique
factorisation of α as stated. 
2.2.7.Remark. This last result (Proposition 2.2.6) is recognised by Hermida in Proposition
2.4 of [Her99]. He doesn’t explicitly mention the uniqueness of such factorisations.
2.2.8. Remark. The factorisations of Proposition 2.2.5 and 2.2.6 are unique up to choice
of cartesian lift. In each of these results we have implicitly supposed that P is cloven and
that the factorisation occurs through the chosen cartesian lift. In fact, there is a unique
factorisation for every cleavage on the fibration.
2.2.9.Construction (Surjective up to isomorphism). In order to show that the Grothendieck
construction is surjective up to isomorphism, we need to find for every P an invertible map
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of fibrations
elFP
H //
π
!!❉
❉❉
❉❉
❉❉
❉
E
P  
  
  
  
B
.
First, what is elFP ? Its data consists of:
0-cells: pairs (x, x ) where x ∈ E and Px = x.
1-cells: pairs (f, f ) : (x, x )→ (y, y ) where f : x→ y in B and f : x → f ∗(y ) in Ex.
2-cells: pairs (α, α ) : (f, f ) ⇒ (g, g ) : (x, x ) → (y, y ) where α : f → g in B and
α : f → α∗y g in Ex.
x
f //
g %%❑❑
❑❑
❑❑
❑❑
❑❑
❑ f
∗(y )
α
#
❄❄
g∗(y )
α∗y
OO
We define H : elFP → E by
(x, x )
(f,f )
((
(g,g )
66
(α,α ) (y, y ) 7−→ x
ϕ(f,y )f
''
ϕ(g,y )g
77ϕ(α,y )g .ϕ(f,y )α y .
The action on 2-cells is to send (α, α ) to
x α
f
**
g &&▼▼
▼▼▼
▼▼▼
▼▼ f
∗y
ϕ(f,y )
&&▼▼
▼▼▼
▼▼▼
▼▼
g∗y
α∗y 77♣♣♣♣♣♣♣♣♣♣
ϕ(g,y )
44ϕ(α,ϕ(g,y )) y
.
The reader can verify that this is 2-functorial.
2.2.10. Proposition. H is a split cartesian isomorphism.
Proof. First,
π(x, x ) = x = Px = PH(x, x )
π(f, f ) = f = Pf = PH(f, f )
π(α, α ) = α = Pα = PH(α, α )
so π = PH . Second, the chosen cartesian maps in elFP are those with identities in the
second component. Since H acts by post-composition with chosen cartesian maps it is split
cartesian. Third, for every e ∈ E there exists a unique (Pe, e) ∈ elFP with H(Pe, e) = e
so H is bijective on objects. Then Proposition 2.2.5 tells us that for every f ∈ E there
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exists a unique fˆ with H(f, fˆ) = ϕ(f, e)fˆ = f so H is bijective on 1-cells. Proposition
2.2.6 gives the same result on 2-cells. Thus H is an isomorphism. 
2.2.11. Theorem. The Grothendieck construction is the action on objects of a 3-functor
el : [Bcoop, 2Cat]→ 2Fibs(B)
and this is an equivalence.
Proof. We have already shown that el is surjective up to isomorphism on objects (Propo-
sition 2.2.10). To show that el is an equivalence we need to define its action on 1,2,3-cells
and show that it is locally an isomorphism.
Suppose η : F ⇒ G is a 2-natural transformation in [Bcoop, 2Cat]. We define el η : elF →
elG by
(x, x )
(g,g )

(f,f )

(α,α )
+3
(y, y )
✤ //
(x, ηxx )
(g,ηxg )

(f,ηxf )

(α,ηxα )+3
(y, ηyy )
.
This is a split cartesian 2-functor from PF to PG. Suppose Γ: η ⇛ ǫ is a modification in
[Bcoop, 2Cat]. We define el Γ: el η ⇒ el ǫ by
el Γ(x,x ) = (1x, (Γx)x ) : (x, ηxx )→ (x, ǫxx ).
where el Γ(x,x ) : el η(x, x ) → el ǫ(x, x ). This is a vertical 2-natural transformation. Sup-
pose ζ : Γ→ Λ is a perturbation in [Bcoop, 2Cat]. We define el ζ : el Γ⇛ el Λ by
el ζ(x,x ) = (11x , (ζx)x ) : (1x, (Γx)x )⇒ (1x, (Λx)x )
where el ζ(x,x ) : el Γ(x,x ) ⇒ el Λ(x,x ). This is a vertical modification. This defines el on
1,2,3-cells and it is 3-functorial.
Now suppose that η : elF → elG is a split cartesian 2-functor. Define η : F ⇒ G by
ηx(a) = π2(η(x, a)), ηx(f) = π2(η(1x, f)), ηx(σ) = π2(η(11x , σ)). This is 2-natural because
η is a split cartesian 2-functor. Then el(η) = η and is unique with that property. Thus el
is bijective on 1-cells.
Suppose that Γ: el η ⇒ el ǫ is a vertical 2-natural transformation. Define Γ: η ⇛ ǫ
by (Γx)x = π2(Γ(x,x )). This is a modification because Γ is 2-natural and η, ǫ are split
cartesian. Then el(Γ) = Γ and is unique with that property. Thus el is bijective on 2-cells.
Suppose that θ : el Γ ⇛ el Λ is a vertical modification. Define θ : Γ ⇛ Λ by (θx)x =
π2(θ(x,x )). This is a perturbation because θ is a modification and η, ǫ are split cartesian.
Then el(θ) = θ and and is unique with that property. Thus el is bijective on 3-cells.
This makes el locally an isomorphism and thus an equivalence. 
2.2.12. Remark. The action of the Grothendieck construction on objects is described by
Bakovic in [Bak11] section 6. Section 5 of the same paper gives a partial description of
the action on objects of the pseudo-inverse. With some adjustments, we have completed
the second construction (Theorem 5.1) and shown that together they form an equivalence
FIBRED 2-CATEGORIES AND BICATEGORIES 19
of 3-categories. It was in completing Bakovic’s description of the pseudo-inverse to the
Grothendieck construction that we discovered that cartesian 2-cells must be closed under
post-composition with all 1-cells.
2.2.13. Remark (Non-split 2-fibrations). The Grothendieck construction for non-split 2-
fibrations is somewhat more complicated than demonstrated above. We chose to first
build the Grothendieck construction for fibred bicategories and then to observe how the
arguments simplify when restricted to 2-fibrations. We found that non-split 2-fibrations
correspond to a slightly odd kind of trihomomorphism (see Remark 3.3.13). We found how-
ever that 2-fibrations that are locally and horizontally split correspond to homomorphisms
of 2Cat-enriched bicategories Bcoop → 2Cat (enriched in 2Cat as a monoidal bicategory).
This is somewhat more pleasing.
2.2.14. Remark (Dual constructions). All of these results could be adjusted to describe
three other kinds of fibrations: op-2-fibrations, co-2-fibrations and coop-2-fibrations. They
correspond to ‘op’-contravariant, ‘co’-contravariant and covariant 2-functors into 2Cat.
The dual Grothendieck constructions are obtained by reversing the direction of the second
components of 1- and 2-cells in elF (in 2-cells, in 1-cells or in both). We could reasonably
refer to coop-2-fibrations as 2-opfibrations. In that case cartesian 1- and 2-cells would be
defined using pullbacks associated with pre-composition instead of post-composition.
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2.3. Examples. When C is a category, Fam(C) is the category of families of objects of C.
The objects of Fam(C) are pairs (I,X) where I is a set and X : I → C is a functor. The
1-cells are pairs (u, α) : (I,X) → (J, Y ) where u : I → J is a function and α is a natural
transformation.
I
X ❄
❄❄
❄❄
❄❄
u //
α +3
J
Y⑧⑧
⑧⑧
⑧⑧
⑧⑧
C
Composition and identities are defined in the obvious way. There is a functor π : Fam(C)→
Set that is the projection onto the first component of Fam(C). This is a well-known example
of a fibration.
2.3.1. Construction (Families). When B is a 2-category we define Fam(B) to be the
2-category of ‘1-cell diagrams’ in B. The objects of Fam(B) are pairs (C,X) where
C is a small category and X : Cop → B is a pseudo-functor. The 1-cells are pairs
(F, α) : (C,X) → (D, Y ) where F : C → D is a functor and α : X ⇒ Y F op is a pseudo-
natural transformation. The 2-cells are pairs (σ,Σ): (F, α)⇒ (G, β) where σ : F ⇒ G is a
natural transformation and Σ is a modification
Cop
X
❄
❄❄
❄❄
❄❄
❄❄
F op //
α +3
Dop
Y
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
Cop
X
❄
❄❄
❄❄
❄❄
❄❄
F op
++
Gop
33σop
KS
β +3
Dop
Y
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
B
Σ❴ *4
B
.
Composition and identities are defined in the obvious way. There is a 2-functor π : Fam(B)→
Cat defined by projection onto the first component of Fam(B).
2.3.2. Example. π : Fam(B)→ Cat is a 2-fibration.
Proof. Suppose (D, Y ) in Fam(B) and F : C → D in Cat. Its cartesian lift is (F, 1Y F op) : (C, Y F
op)→
(D, Y ). Suppose that (σ,Σ): (G, β) ⇒ (H, γ) : (E,Z) → (D, Y ) and σF = λ where
λ : J ⇒ K. The unique lift of λ is (λ,Σ): (J, β) ⇒ (K, γ) : (E,Z) → (C, Y F op). The
diagrams are
(E,Z)
(G,β)
!!(H,γ)
++
(σ,Σ)
{ ⑧⑧
(J,β)

(K,γ)

(λ,Σ)
ks
(C, Y F op)
(F,1)
// (D, Y )
over
E
G
  H
++
σ{ ⑧
⑧J

K

λ
ks
C
F
// D
.
Suppose (G, β) : (C,X) → (D, Y ) in Fam(B) and σ : F ⇒ G : C → D in Cat. Its
cartesian lift is (σ, 1Y σ.β) : (F, Y σ.β) ⇒ (G, β). Suppose that (λ,Λ): (H, γ) ⇒ (G, β) and
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σω = λ. The unique lift of ω is (ω,Λ): (H, γ)⇒ (F, Y σop.β).
(H, γ)
(λ,Λ)
!)❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏
❏
❏
(ω,Λ)

(F, Y σop.β)
(σ,1)
+3 (G, β)
H
λ
&
❋❋
❋❋
❋❋
❋❋
❋❋
❋ω

F σ
+3 G
Suppose that σ : F ⇒ G and τ : H ⇒ K with (G, β) : (C,X)→ (D, Y ) and (K, δ) : (D, Y )→
(E,Z)) and we compose the chosen cartesian lifts of σ and τ . They are (σ, 1) and (τ, 1) their
composite (τ, 1) ∗ (σ, 1) is isomorphic to (τ ∗ σ, 1) which is cartesian. Thus by Proposition
2.1.14 all cartesian 2-cells are closed under composition. 
2.3.3. Remark. π : Fam(B) → Cat can be obtained by applying the Grothendieck con-
struction to F : Catcoop → 2Cat defined on objects by F (C) = Hom(Cop, B).
2.3.4.Remark. The above construction yields a 2-fibration that is split under composition
of cartesian 1-cells but it is not split in any other sense. If we modify this construction
by replacing pseudo-functors and pseudo-natural transformations with 2-functors and 2-
natural transformations then the result is split in every way. This variation can be obtained
by applying the Grothendieck construction to F defined by F (C) = [Cop, B].
2.3.5. Definition. We say that an arrow p : e → b in a 2-category B is a (split) fibration
when p∗ : B(c, e)→ B(c, b) is a (split) fibration for all c and the commuting square
B(c, e)
p∗

f∗ // B(c′, e)
p∗

B(c, b)
f∗
// B(c′, b)
is a (split) morphism of fibrations for all f : c′ → c.
2.3.6. Definition. A morphism between (split) fibrations p : e → b and q : e′ → b′ in a
2-category B is a pair (f : e→ e′, g : b→ b′) where q.f = g.p and
B(c, e)
p∗

f∗ // B(c, e′)
q∗

B(c, b) g∗
// B(c, b′)
is a (split) morphism of fibrations for all c.
2.3.7. Construction (Internal fibrations). The category of fibrations internal to a 2-
category B is denoted by FibB. The objects are fibrations p : e → b in B. The 1-cells
are morphisms of fibrations. The 2-cells are pairs of 2-cells (α, β) : (f, g) ⇒ (f ′, g′) with
qα = βp. Composition and identities are the same as in B2.
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There is a 2-functor cod: FibB → B defined by projection onto the codomain:
e
f
''
f ′
77α
p

e′
q

b
g
&&
g′
88β b
′
✤ cod // b
g
&&
g′
88β b
′ .
When B = Cat we omit the subscript and FibCat is just Fib. It is the category of fibrations
in Cat and the codomain 2-functor is cod: Fib→ Cat.
2.3.8. Example. When B has 2-pullbacks, cod: FibB → B is a 2-fibration.
Proof. Suppose q : e′ → b′ in Fib(B) and g′ : b → b′ in B, then there exists a map
(g, g′) : (g′)∗q → q defined by taking the 2-pullback
e
❴
✤
g //
g∗q

e′
q

b
g′
// b′
.
Since both pullbacks and fibrations in B are defined representably and fibrations in Cat
are closed under pullback, fibrations in B must also be closed under pullback. The same
argument ensures that g is cartesian. Thus (g, g′) is well-defined as a 1-cell. To see that this
is cartesian, suppose that (h, h′) : r → q in Fib(B) and h′ = g′.f ′ in B. Then there exists a
unique f with p.f = f ′.r and h = g.f and hence a unique (f, f ′) with (h, h′) = (g, g′)(f, f ′)
and π(f, f ′) = f ′. We know that f is cartesian because h is cartesian and g reflects cartesian
maps (again because pullbacks in Cat reflect cartesian maps). This same argument works
for 2-cells into e′ so (g, g′) is cartesian. The diagram is
e′′
h
''◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
f 
r

b′′
f ′ ❃
❃❃
❃❃
❃❃
❃ h′
''◆◆
◆◆◆
◆◆◆
◆◆◆
◆◆◆
e
❴
✤ g
//
p

e′
q

b
g′
// b′
.
Suppose that (g, g′) : p→ q in Fib(B) and α′ : f ′ ⇒ g′ in B. Since q is cartesian we can
take the cartesian lift of α′p at g (call it α) and get a 2-cell (α, α′) : (f, f ′) ⇒ (g, g′). To
show that this is cartesian, suppose that (γ, γ′) : (h, h′)⇒ (g, g′) and γ′ = η′α′. Since α is
cartesian for q and qγ = γ′p = η′p.α′p = η′p.qα there exists a unique η : h⇒ f and hence
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(η, η′) with (γ, γ′) = (α, α′).(η, η′). Thus (α, α′) is cartesian.
h
γ
$
❆❆
❆❆
❆❆
❆❆
η

f α
+3 g
qh
qγ=γ′p
%
❉❉
❉❉
❉❉
❉❉
❉
η′p

qf
qα=α′p
+3 qg
Suppose that we take the cartesian lifts of α′ : f ′ ⇒ g′ and γ′ : h′ ⇒ k′ at (g, g′) and
(k, k′) as indicated below. Since cartesian 2-cells for r are closed under pre-composition
with any 1-cell γg is cartesian. Also since h preserves cartesian maps for q we know
that hα is cartesian. Then because cartesian 2-cells are closed under vertical composition
γ ∗ α = γg.hα is cartesian. Thus by Proposition 2.1.14 cartesian 2-cells are closed under
composition.
e
p

&&
g
88α e
′
q

h
''
77γ e
′′
r

b
&&
88α′ b
′
''
77γ
′
 b
′′

2.3.9.Remark. If we apply the pseudo-inverse to the Grothendieck construction to cod: FibB →
B we get F : Bcoop → 2Cat defined by F (b) = FibB/b, the category of fibrations over b.
Its action on 1-cells is to send f : b→ b′ to f ∗ : FibB/b
′ → FibB/b defined by pullback.
2.3.10. Remark. Let FibsB be the sub-2-category of FibB containing split fibrations and
split maps. Suppose also that we can choose 2-pullbacks in B in such a way that they
are closed under composition in B2 (not just up to isomorphism). Then the proof above
requires only slight adjustments to show that cod: FibsB → B is a split 2-fibration.
2.3.11. Example (Enriched Categories). There is a 2-functor Mon→ 2Cat that maps each
monoidal category V to V -Cat. We can use a dual to the Grothendieck construction to get
a 2-opfibration Enr→ Mon. The objects of the total category Enr are enriched categories:
pairs (V , A) where V is a monoidal category and A is a V -enriched category. The rest of
the structure can be deduced from the dual Grothendieck construction.
2.3.12. Example (Algebras). Let Mnd(K) be the 2-category of 2-monads on a 2-category
K. There is a 2-functor F : Mnd(K)coop → 2Cat that maps each 2-monad T to the
2-category T -Algl of strict T -algebras, lax algebra morphisms and algebra 2-cells. Each
monad morphisms λ : S → T gives a 2-functor that acts on m : TA→ A by precomposition
with λA : SA→ TA. Each monad 2-cell Γ : λ⇒ τ gives a 2-natural transformation whose
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component at m : TA→ A is (1, 1, m.ΓA)
SA
τA

1 // SA
λA

TA
m

TA
m

A
1
//
m.ΓA
A
.
F is contravariant on 2-cells because we’re using lax morphisms of algebras. If F mapped
each monad to T -Algoplax containing the oplax morphisms then it would be covariant on
2-cells. Further details on 2-monads can be found in [KS74].
We can use the Grothendieck construction to construct an 2-fibration Alg → Mnd.
The objects of the total category Alg are algebras of a 2-monad: pairs (S, (A,m)) where
m : SA→ A is an S-algebra. The 1-cells from (S, (A,m)) to (T, (B, n)) are pairs (λ, (f, θf))
where λ is a monad morphism from S to T and (f, θf) : λ(A,m)→ Fλ(B, n) is a lax algebra
morphism
SA
Sf

m //
θf ;C⑧⑧
A
f

SB
λB
// TB n
// B
.
The 2-cells of Alg are pairs (Γ, α) : (λ, (f, θf )) → (τ, (g, θg)) where Γ: λ → τ is a monad
2-cell and α is an algebra 2-cell
(A,m)
(g,θg) ""❉
❉❉
❉❉
❉❉
❉
(f,θf ) //
α
Fλ(B, n)
Fτ(B, n)
FΓ(B,n)
;;✇✇✇✇✇✇✇✇✇
.
The 2-fibration is projection on the first component of Alg. By construction the fibre over
T is T -Algl.
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3. Fibred Bicategories
What follows is the theory of fibrations developed specifically for bicategories. The
concepts are not significantly different from Section 2 but the details are much more com-
plicated.
3.1. Definitions and properties of cartesian 1- and 2-cells. Let P : E → B be a
homomorphism of bicategories.
3.1.1. Definition. We say a 1-cell f : x → y in E is cartesian when it has the following
two properties:
(1) Suppose that g : z → y in E with h : Pz → Px and an isomorphism α : Pf.h⇒ Pg
z
g
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
x
f
// y
Pz
h

Pg
!!❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
Px
Pf
//
α ;C⑧⑧
Py
.
Then there exists an hˆ : z → x and isomorphisms αˆ : fhˆ⇒ g, βˆ : P hˆ⇒ h such that
α.Pfβˆ = P αˆ.φhf . We say that (hˆ, αˆ, βˆ) is a lift of (h, α).
(2) Suppose that σ : g ⇒ g′ in E and h, h′ : Pz → Px with isomorphisms α : Pf.h⇒ Pg
and α′ : Pf.h′ ⇒ Pg′. Suppose also that (h, α) and (h′, α′) have lifts (hˆ, αˆ, βˆ) and
(hˆ′, αˆ′, βˆ ′). For any δ : h⇒ h′ in B with α′.P fδ = Pσ.α
z
hˆ

hˆ′

g′

g
**
σ ;C⑧⑧
x
f
//
αˆ +3
y
αˆ′ +3
Pz
h

h′

δ ;C
Pg′

Pg
**
Pσ ;C⑧⑧
Px
Pf
//
α +3
Py
α′ +3
there exists a unique δˆ : hˆ⇒ hˆ′ such that αˆ′.f δˆ = σ.αˆ and δ.βˆ = βˆ ′.P δˆ.
Informally this is best stated by saying that f lifts 1-cells up to isomorphism and lifts
2-cells coherently with the lifted isos. The uniqueness of lifted 2-cells implies that lifted
1-cells are unique up to a coherent isomorphism.
3.1.2. Proposition. A 1-cell f : x→ y is cartesian if and only if
E (z, x)
Pzx

f∗ // E (z, y)
Pzy

∼=
B(Pz, Px)
Pf∗
// B(Pz, Py)
is a bipullback for all z. This isomorphism is the coherence for P on composition.
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3.1.3. Remark. We use bipullback in the sense of Street and Joyal [JS93]: a weakly-
universal iso-square over Pf∗ and Pzy. That is, there is a pseudo-natural equivalence
Hom(A, E (z, x)) ≃ Hom(A,B(Pz, Px))×∼= Hom(A,B(Pz, Py))
where the right expression is the pseudo-pullback (iso-comma-category).
3.1.4. Definition. A 2-cell α : f ⇒ g : x→ y in E is cartesian if it is cartesian as a 1-cell
for the functor Pxy : E (x, y)→ B(Px, Py).
As in Section 2 we say that P is locally fibred when Pxy : E (x, y) → B(Px, Py) is a
fibration for all x, y in E .
3.1.5. Definition. Let P : E → B be a homomorphism. We say that P is a fibration when
(1) for any e ∈ E and f : b→ Pe, there is a cartesian 1-cell h : a→ e with Ph = f ;
(2) P is locally fibred; and
(3) the horizontal composite of any two cartesian 2-cells is cartesian.
We say that E is a fibred bicategory when it is the domain of a fibration.
3.1.6. Remark. We could insist that cartesian 1-cells only have Ph ∼= f and the definition
above would not be any weaker. When P is a fibration it is locally fibred and thus locally
has the iso-lifting property. Now cartesian 1-cells isomorphic to a cartesian 1-cell are
cartesian (see Proposition 3.1.8 below). Thus if there is a cartesian lift h with Ph ∼= f
then there is a cartesian lift h′ with Ph′ = f . The converse is trivial so the two definitions
are equivalent.
3.1.7. Remark. Corollary 1 in [JS93] states that if one leg of a cospan has the iso-lifting
property then the pullback of that cospan is a bipullback. When P is a fibration it is
locally fibred and thus locally has the iso-lifting property. It follows that if a 1-cell is
2-categorically cartesian (Definition 2.1.1) then it is bicategorically cartesian ( Definition
3.1.1). As a result fibred 2-categories are also fibred bicategories.
We take the time here to establish a few basic properties of cartesian maps.
3.1.8. Proposition. If f ∼= g then f is cartesian if and only if g is cartesian.
Proof. Suppose that f is cartesian and α : f ⇒ g is an isomorphism. In the diagram below:
the inner isomorphism is the coherence of P on composition with f . The isomorphisms
above and below are induced by α and Pα and thus the pasting is equal to the coherence
of P on composition with g.
E (z, x)
Pzx

g∗
,,
f∗
22∼= E (z, y)
Pzx

B(Pz, Px)
Pf∗ ..
Pg∗
00
∼= B(Pz, Py)
∼=
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By definition of cartesian 1-cell the inner isomorphism is a bipullback. Bipullbacks are
closed under the pasting of isomorphisms as indicated. Thus whole diagram is a bipullback
and g is cartesian. 
3.1.9. Proposition. Suppose f : w → x, g : x→ y in E . If f and g are cartesian then gf
is cartesian.
Proof. Suppose that f and g are cartesian. In the diagram below: the inner two isomor-
phisms are coherence of P on composition with f and g. The outer isomorphisms are
induced by associativity of composition. Thus the pasting is equal to the coherence of P
on composition with gf .
E (z, w)
Pzw

f∗ //
(gf)∗
))
E (z, x)
Pzx

g∗ // E (z, y)
Pzy

B(Pz, Pw)
Pf∗
//
(Pgf)∗
55
B(Pz, Px)
Pg∗
//
∼=φ-f
B(Pz, Py)
∼=φ-g
The inner two isos are bipullbacks by definition of cartesian 1-cell. Bipullbacks are closed
under the pasting of isomorphisms as indicated. Thus whole diagram is a bipullback and
gf is cartesian. 
3.1.10. Proposition. Suppose f : w → x, g : x → y in E . If g and gf are cartesian then
f is cartesian.
Proof. This proof is essentially the same as Proposition 3.1.9. The only other thing we
need to know is that bipullbacks have the same cancellation property as pullbacks. 
3.1.11. Proposition. If f : x→ y is an equivalence then it is cartesian.
Proof. Suppose that f is part of an adjoint equivalence (f, f , η, ǫ) and
z
g
❄
❄❄
❄❄
❄❄
❄❄
x
f
// y
over
Pz
Pg
!!❈
❈❈
❈❈
❈❈
❈❈
h

Px
Pf
//
α ;C⑧⑧
Py
.
Let hˆ = f g and αˆ be the composite f.(f .g) ∼= (f.f ).g ∼= 1.g ∼= g. Let βˆ : P hˆ⇒ h be the
composite P (f .g) ∼= Pf .P g ∼= Pf .(Pf.h) ∼= (Pf .P f).h ∼= P (f .f).h ∼= P1.h ∼= 1.h ∼= h.
This is a lift of (h, α).
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To check the 2-cell property suppose that γ : g ⇒ g′ and
Pz
Pg′
  ❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇
h

h′

σ +3
Px
Pf
//
α′ ;C⑧⑧
Py
equals
Pz
Pg ''
Pg′

Pγ ;C⑧⑧h

Px
Pf
//
α ;C⑧⑧
Py
.
Then suppose that there are lifts (hˆ, αˆ, β), (hˆ′, αˆ′, β ′) of (h, α) and (h′, β) as above. Let σˆ
be the composite
h
l +3 1.h
η.h +3 (f .f).h
a +3 f .(f.h)
f .αˆ +3 f .g
f .γ

h′ ks
l
1.h′ ks
η−1.h′
(f .f).h′ ks a f
.(f.h′) ks
f .αˆ′
f .g′
.
It is unique with the property that αˆ′.f σˆ = γ.αˆ and σ.βˆ = βˆ ′.P σˆ. 
3.1.12. Proposition. If f : x → y is cartesian and Pf is an equivalence then f is an
equivalence.
Proof. Suppose Pf is part of an adjoint equivalence (Pf, Pf , η, ǫ). Then we can lift ǫ to
obtain ǫˆ : f.h ∼= 1.
y
1
❃
❃❃
❃❃
❃❃
❃❃
❃
h

x
f
//
ǫˆ ;C⑧⑧
y
Py
1 ''
P1

∼=(Pf)

Px
Pf
//
ǫ ;C⑧⑧
Py
Now since 1y is an equivalence it is cartesian. Then since f.h ∼= 1, fh is cartesian. Then
Proposition 3.1.10 tells us that h is cartesian. We can then lift Ph.Pf ∼= (Pf).P f ∼= 1 ∼=
P1 as picture on the right to obtain ηˆ : h.k ∼= 1.
x
1
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
k

y
h
//
ηˆ ;C⑧⑧
x
Px
1
%%
P1

∼=Pf

Py
(Pf)
++
Ph
33∼=
η ;C⑧⑧
Px
Finally, f ∼= f.1 ∼= f.(h.k) ∼= (f.h.).k ∼= 1.k ∼= k and then h.f ∼= h.k ∼= 1. Thus f is an
equivalence. 
FIBRED 2-CATEGORIES AND BICATEGORIES 29
3.1.13. Proposition. Suppose that f : a → b is cartesian and σˆ is the unique lift of σ as
pictured. If σ and τ are isomorphisms then σˆ is an isomorphism.
z
hˆ

hˆ′

σˆ +3
g

g′
))
τ ;C⑧⑧
x
f
// y
over
Pz
h
		
h′

σ +3
Pg
Pg
′
))
Pτ ;C⑧⑧
Px
Pf
// Py
The isomorphisms on the front and back are omitted in the diagram.
Proof. If σ and τ are both invertible then the above lifting can be done with σ−1 and τ−1.
This gives a map σˆ : hˆ ⇒ hˆ′. If we paste these diagrams together then σˆσˆ is a lift of
σσ−1 = 1h. However 1hˆ is also a lift of 1h and thus by uniqueness σˆσˆ
 = 1hˆ. Pasting the
diagrams together the other way gives σˆσˆ = 1hˆ′. 
3.1.14. Corollary. The lifts of Definition 3.1.1 (1) are unique up to a unique invertible
2-cell.
Proof. Use the above result with σ = 1h and τ = 1g. 
3.1.15. Proposition. Suppose f : a → b is cartesian over Pf : Pa → Pb. It is unique up
to an equivalence 1-cell and isomorphism 2-cell. This equivalence and isomorphism are
unique up to an isomorphism 2-cell.
Proof. Suppose that g : c→ b is cartesian over Pf . Then
c
g
❃
❃❃
❃❃
❃❃
❃
hˆ

a
f
//
rˆ ;C⑧⑧
b
over
Pc
Pg
!!❉
❉❉
❉❉
❉❉
❉
1

Pa
Pf
//
r ;C⑧⑧
Pb
and f is cartesian so there exists a lift (hˆ, rˆ, βˆ). By Corollary 3.1.14 this lift is unique up
to a unique isomorphism. We have yet to show that hˆ is an equivalence.
If we draw the same diagram with g in the base then since g is cartesian there exists
a lift (hˆ′, lˆ′, βˆ ′) of r : Pg.1 ⇒ Pf . These two lifts can be pasted together to form a lift
pictured on the left. The base forms a commuting shell by coherence in a bicategory. Then
there exists a unique lift of r : 1.1⇒ 1. It is a 2-cell hˆhˆ′ ⇒ 1 and it is an isomorphism by
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Proposition 3.1.13.
x
f
✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹✹
✹
1

hˆ′
 f
=

z
g
##❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋
hˆ

rˆ′ ;C⑧⑧
x
f
//
rˆ ;C⑧⑧
y
over
Px
Pf
✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
✺✺
1

1
 Pf
=

Pz
Pg ##❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍
1

r ;C⑧⑧
Px
Pf
//
r ;C⑧⑧
Py
The isomorphisms omitted in this diagram are all r. If we paste the lifts together the other
way and follow the same reasoning we get another ismorphism hˆ′hˆ ⇒ 1. Thus hˆ is an
equivalence. 
3.1.16. Proposition. Suppose that P , Q, F are homomorphisms with with P = QF .
(1) If P is locally fibred and chosen cartesian 2-cells are closed under horizontal com-
position then all cartesian 2-cells are closed under horizontal composition.
(2) If P and Q are fibrations and F preserves chosen cartesian maps then F preserves
all cartesian maps.
Proof. The proofs are essentially the same as for Proposition 2.1.14 and 2.1.15. 
3.2. Fibrations with stricter properties. Every fibration is locally fibred and thus
locally has the iso-lifting property. We can take advantage of this to make fibrations much
easier to handle.
3.2.1. Proposition. When P is locally fibred every lift (hˆ, αˆ, βˆ) of (h, α) along a cartesian
1-cell can be chosen so that βˆ = 1h. That is, lifts along cartesian 1-cells can be chosen so
P hˆ = h.
Proof. Suppose that f is cartesian and (hˆ, αˆ, βˆ) is a lift of (h, α). That is,
z
g
❄
❄❄
❄❄
❄❄
❄❄
❄❄
❄
hˆ

x
f
//
αˆ ;C⑧⑧
y
Pz
h

Pg
!!❇
❇❇
❇❇
❇❇
❇❇
❇❇
❇❇
Px
Pf
//
α ;C⑧⑧
Py
where α.Pfβˆ = P αˆ.φhf . Let σ : h
! ⇒ h be the cartesian lift of βˆ at h and let α! = αˆ.fσ (σ
is an isomorphism because it is a cartesian 2-cell over an isomorphism). Then (h!, α!, 1h) is a
lift of (h, α) for f . This is proved by Pα!.φh!f = P αˆ.P (fσ).φh!f = P αˆ.φhf .P fPσ = α. 
3.2.2. Proposition. Every locally fibred homomorphism P : E → B is isomorphic to a
locally fibred P ′ : E ′ → B via a homomorphism S that preserves identities and composition.
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If P is a fibration then P ′ is a fibration and S is cartesian.
E
P ✽
✽✽
✽✽
✽✽
S // E ′
P ′✆✆
✆✆
✆✆
✆
B
Proof. Suppose P : E → B is locally fibred. Let E ′ have the same 0-, 1-, and 2-cells as E
with the same vertical composition and 2-cell identities. Then let P ′ have the same action
as P on 0-, 1-, and 2-cells so that S is the identity on 0-, 1-, and 2-cells. We now define
horizontal composition in E ′. If f : e→ e′ and g : e′ → e′′ in E ′ then g ◦ f is the domain of
the cartesian lift of φgf : PgPf ⇒ P (gf) at gf . If α : f ⇒ f
′, β : g ⇒ g′ then β ◦ α is the
unique map above Pβ ∗ Pα such that
g ◦ f
ϕ(φ,gf)
+3
β◦α

gf
β∗α

g′ ◦ f ′
ϕ(φ,g′f ′)
+3 g′f ′
over
PgPf
φ +3
Pβ∗Pα

P (gf)
P (β∗α)

Pg′Pf ′
φ
+3 P (g′f ′)
This has the effect that P ′(g ◦ f) = P ′g.P ′f and P ′(β ◦ α) = Pβ ∗ Pα = P ′β ∗ P ′α.
Similarly, let the identity 1-cells 1ˆe be the domain of the cartesian lift of φe : 1Pe ⇒ P (1e)
at 1e. Then P
′(1ˆe) = 1P ′e. The coherence isomorphisms for E
′ are obtained as the unique
maps in the following diagrams.
(h ◦ g) ◦ f
ϕ +3
aˆ

(h ◦ g).f
ϕ.f +3 (h.g).f
a

h ◦ (g ◦ f) ϕ
+3 h.(g ◦ f)
h.ϕ
+3 h.(g.f)
f
r
$,◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
rˆ

f ◦ 1ˆ ϕ
+3 f.1ˆ
f.ϕ
+3 f.1
f
l
$,◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗◗
◗◗
lˆ

1ˆ ◦ f ϕ
+3 1ˆ.f
ϕ.f
+3 1.f
The reader can verify that this is a bicategory and that P ′ is a homomorphism that
preserves composition and identities. Let S be the identity on 0-, 1-, and 2-cells. The
coherence morphisms for S are the isomorphisms ϕ(φ, gf) : g◦f ∼= gf and ϕ(φe, 1e) : 1ˆe ∼= 1e
described above. It is easy to check that P ′S = P and since S is the identity on 0-, 1-,
and 2-cells it is an isomorphism.
Suppose that P is a fibration. The cartesian 1-cells in E ′ are precisely those we obtain
in E . Lifts along cartesian 1-cells are (hˆ, α!, βˆ) obtained by taking lifts (hˆ, αˆ, βˆ) in E and
letting α! = αˆϕ(φ, fhˆ). Thus P ′ has cartesian lifts of 1-cells. Since the action of P ′ on
hom-categories is the same as P , P ′ is locally fibred. Suppose that β, α are cartesian
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2-cells. Their composite in E ′ is defined using the diagram
g ◦ f
ϕ +3
β◦α

g.f
β∗α

g′ ◦ f ′ ϕ
+3 g′.f ′
.
Since P is a fibration β ∗α is cartesian. Then the cancellation property of cartesian 1-cells
tells us that β ◦ α is also cartesian. Thus P ′ is a fibration. Chosen cartesian 1- and 2-cells
in E ′ are the same as in E . Since S is the identity on 0-, 1-, and 2-cells it is cartesian. 
3.2.3. Remark. These last two results rely on the local iso-lifting property of P . The
first result corresponds to the lifting of an isomorphism that arises from the bipullback
definition of cartesian 1-cell.
2
!!
&&##●
●●
●●
●●
●●
E (z, x)
∼=
∼=
Pzx

f∗ // E (z, y)
Pzy

∼=
B(Pz, Px)
Pf∗
// B(Pz, Py)
✤ //
2
!!
&&''
∼= ∼=
E (z, x)
Pzx

f∗ // E (z, y)
Pzy

∼=
B(Pz, Px)
Pf∗
// B(Pz, Py)
The isomorphism on the left is the βˆ associated with lifts along cartesian f . The second
result corresponds to the lifting of the isomorphisms associated with the action of P on
composition and identities.
E (y, z)× E (x, y)
Pyz×Pxy

∗ //
∼=
E (x, z)
Pxz

B(Py, Pz)×B(Px, Py)
∗
// B(Px, Pz)
✤ //
E (y, z)× E (x, y)
Pyz×Pxy

∗
,,
◦
22
∼= E (x, z)
Pxz

B(Py, Pz)×B(Px, Py)
∗
// B(Px, Pz)
1
1Px
''
1x // E (x, x)
Pxx

∼=
B(Px, Px)
✤ //
1
1Px
''
1x ,,
1ˆx
22
∼= E (x, x)
Pxx

B(Px, Px)
We’ve borrowed this convenient visual representation of iso-lifting from [JS93].
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From this point on we will suppose that all fibrations preserve composition and identities
and have the stronger lifting property of Proposition 3.2.1. Working under this supposition
will vastly simplify future calculations. We can do this without loss of generality because
all fibrations are isomorphic to a fibration of this kind.
3.2.4. Definition. A homomorphism η : E → D between fibred categories is called carte-
sian when it preserves cartesian maps and Qη = P .
Let Fib(B) be the tricategory whose objects are fibrations over B, whose 1-cells are
cartesian homomorphisms, 2-cells are pseudo-natural transformations Γ: η ⇒ ǫ that have
QΓ = 1P ; and 3-cells are modifications ζ : Γ ⇛ Λ that have Qζ = 11P . Let Bicat be
the tricategory of bicategories, homomorphisms, transformations and modifications. Let
[Bcoop,Bicat] be the tricategory of contravariant trihomomorphisms from B to Bicat,
tritransformations, trimodifications and perturbations.
3.3. The Grothendieck construction. Before describing the Grothendieck construc-
tion for bicategories we will unpack the tricategory structure of Bicat and see what a
contravariant trihomomorphism from B to Bicat really means.
3.3.1.Remark. An algebraic definition of tricategory can be found in [Gur06, p. 23]. There
is more than one tricategory structure on Bicat. We choose the following:
• Composition of 1-cells is the usual composition of homomorphisms: GF (x) =
G(F (x)) and the usual coherence isomorphisms.
• Composition of 2-cells: When α : F ⇒ G and β : G⇒ H we let (βα)x = βxαx and
(βα)f be the associated pasting of 2-cells. When
B
F
&&
F ′
88α C
G
&&
G′
88β D
we let (β ∗ α)x be
GF (x)
βF (x) // G′F (x)
G′(αx)// G′F ′(x) .
(β ∗ α)f be the associated pasting of 2-cells.
• Composition of 3-cells is similar to that for 2-cells.
• Identity 1-cells are the obvious identity homomorphisms 1B : B → B. Identity 2-
cells are transformations 1F : F ⇒ F with 1-cell components (1F )x = 1F (x). Identity
3-cells are modifications 1α with (1α)x = 1(αx).
The rest of the data consists firstly of pseudo-natural equivalences governing associativity
and the action of identities. The final data are invertible modifications that sit in place of
the usual axioms. The details can be found in [GPS95].
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Associativity of composition is governed by a pseudo-natural equivalence
(HG)F
(γβ)α

aHGF +3 H(GF )
γ(βα)

(H ′G′)F ′aH′G′F ′
+3
∼=
H ′(G′F ′)
.
The 2-cells components are identity transformations 1 : H(GF ) ⇒ (HG)F . The 3-cell
components are invertible modifications whose components are a composite of coherence
isomorphisms in the image of H ′(G′F ′).
The unity of identities is governed by two pseudo-natural transformations
1.F
11.α

lF +3 F
α

1.F ′
l′F
+3
∼=
F ′
F
α

rF +3 F.1
α.11

F ′
r′F
+3
∼=
F ′.1
.
The 2-cells components are identity transformations 1 : 1F ⇒ F and 1: F ⇒ F1. The
3-cell components are invertible modifications whose components are a composite of co-
herence isomorphisms in the image of F ′.
There are invertible modifications π, µ, λ, ρ that relate various composites of a, l, r above.
In this case they are built from the coherence isomorphisms of assorted bicategories and
homomorphisms.
There are three axioms that π, µ, λ, ρ are required to satisfy. The coherence theorem for
bicategories guarantees that they hold.
There is a related tricategory structure given by an alternate composition rule for 2,3-
cells. Choosing one or the other will not significantly effect the nature of our results.
3.3.2. Remark. An algebraic definition of trihomomorphism can be found in [Gur06, p.
29]. A trihomomorphism F : Bcoop → Bicat consists of the following data:
• An object function F0 : obB → obBicat.
• For objects a, b of B, a pseudo-functor B(a, b)→ Bicat(Fa, Fb). This means that
2-cell composition and identities in B are preserved up to natural isomorphisms sat-
isfying standard coherence axioms. The data is just isomorphisms φβα : F (β.α)⇛
Fα.Fβ and φf : F (1f)⇛ 1Ff . The components are
Ff(x)
Fαx
..
φβα
F (β.α)x
++
Fh(x)
Fg(x)
Fβx
55
and Ff(x)
F (1f )x
**
1Ff(x)
44
φf Ff(x) .
• For objects a, b, c of B, an adjoint equivalence χ : ⊗′ ◦(F × F ) ⇒ F ◦ ⊗. This
means that horizontal composition is preserved up to adjoint equivalence. The data
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is
Ff.Fg
χgf +3
Fα.Fβ

F (gf)
F (βα)

Ff ′.F g′
χβα
⑧w ⑧⑧⑧
⑧
χg′f ′
+3 F (g′f ′)
which amounts to
FfFg(x)
χgfx //
FfFg(h)

Fgf(x)
Fgf(h)

FfFg(y)
χgf h
{ ⑧⑧
χgfy
// Fgf(y)
and
FfFg(x)
χgf x //
FαFg(x)

Fgf(x)
F (βα)x

Ff ′Fg(x)
Ff ′(Fβx)

Ff ′Fg′(x)
χβαx
{ ⑧⑧
χg′f ′x
// Fgf(x)
.
The data on the left indicates that χgf is a pseudo-natural equivalence and the data
on the right is the component at x of the modification χβα.
• For objects a of B, an adjoint equivalence transformation ι : I ′Fa ⇒ F ◦ Ia. This
means that identity 1-cells are preserved up to adjoint equivalence. The data is
1Fa
ιa +3
11Fa

F1a
F (11a )

1Fa
ι1a
⑧w ⑧⑧⑧
⑧
ιa
+3 F1a
.
This means
x
ιax //
h

F1(x)
F1(h)

y
ιah
{ ⑧⑧
ιay
// F1(y)
and
x
ιax //
1x

F1(x)
F (11)x

x
ι1ax
{ ⑧⑧
ιax
// F1(x)
.
The data on the left indicates that ιa is a pseudo-natural equivalence and the data
on the right is the component at x of the modification ι1a .
• For objects a, b, c, d of B, an invertible modification ω whose component at fgh
is itself an invertible modification whose component at x is an invertible pseudo-
natural transformation
FfF (h.g)(x)
χx // F ((h.g).f)(x)
Fa
**❱❱❱
❱❱❱
FfFgFh(x)
Ff(χx) 44✐✐✐✐✐✐
ωfgh,x
1
**❯❯❯
❯❯❯
F (h.(g.f))(x)
FfFgFh(x)χFh(x)
// F (g.f)Fh(x)
χx
44❤❤❤❤❤❤
.
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• For objects a, b of B, an invertible modification γ whose component at f is itself
an invertible modification whose component at x is an invertible pseudo-natural
transformation
FfF1(x)
χx // F (1.f)(x)
F lx
%%▲▲
▲▲▲
▲▲▲
▲▲
Ff(x)
Ff(ιx)
99rrrrrrrrrr
1
// Ff(x)
γx .
• For objects a, b of B, an invertible modification δ whose component at f is itself
an invertible modification whose component at x is an invertible pseudo-natural
transformation
Ff(x)
1 $$■
■■
■■
■■
■■
Frx // F (f.1)(x)
δx
Ff(x) ιFf(x)
// F1Ff(x)
χx
88♣♣♣♣♣♣♣♣♣♣♣
.
• There are two axioms involving ω, δ, γ, ι, χ above. They can be found in [Gur06,
GPS95].
We will describe the Grothendieck construction for fibred bicategories: a triequivalence
el : [Bcoop,Bicat]→ Fib(B)
that generalises the result given in section 2. Again, we are mostly concerned with its
action on objects and use “Grothendieck construction” to mean both the action on objects
and the whole trihomomorphism.
3.3.3.Construction (The Grothendieck construction for bicategories). Suppose F : Bcoop →
Bicat is a trihomomorphism. We define a fibration PF : elF → B as follows. elF is the
bicategory with:
• 0-cells are pairs (x, x ) where x ∈ B and x ∈ Fx.
• 1-cells are pairs (f, f ) : (x, x )→ (y, y ) where f : x→ y and f : x → Ff(y ).
• 2-cells are pairs (α, α ) : (f, f )⇒ (g, g ) : (x, x )→ (y, y ) where α : f ⇒ g and
x
f //
g ""❉
❉❉
❉❉
❉❉
❉❉
Ff(y )
Fg(y )
α
Fαy
::ttttttttt
.
• If (g, g ) : (y, y )→ (z, z ) then the composite (g, g ).(f, f ) has first component g.f
and second component
x
f // Ff(y )
Ff(g )
// FfFg(z )
χgf // Fgf(z ).
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• If (γ, γ ) : (g, g ) → (h, h ) : (x, x ) → (y, y ) then the vertical composite has first
component γ.α and second component
x
f //
g
**❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯❯❯❯
❯
h
✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽ Ff(y )
Fg(y )
α
Fαy
88qqqqqqqqqqq
Fh(y )
γ Fγy
88qqqqqqqqqqq
Fγαy
HH
φαγy
• If (β, β ) : (j, j )→ (k, k ) : (y, y )→ (z, z ) then the horizontal composite has first
component β ∗ α and second component
x
α
f //
g
##❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
Ff(y )
Ff(β )
Ff(k )
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
Ff(j )
// FfFj(z )
χjf // Fjf(z )
Fg(y ) Fαk
Fαy
OO
Fg(k )
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
FfFk(z )
Ff(Fβz )
OO
FgFk(z )
(FαFβ)z
]]
FαFk(z )
OO
χkg
// Fkg(z )
Fβαz
]]
χβα
.
The 2-cell labelled Ff(β ) is strictly the composite φ.Ff(β ) where φ is an isomor-
phism associated with Ff . In order to simplify this diagram and those that follow,
all isomorphisms associated with such homomorphisms have been omitted.
• Identity 1-cells are 1(x,x ) = (1x, (ix)x ), the second component is
1Fx(x )
(ix)x // F1x(x ) .
• Identity 2-cells are 1(f,f ) = (1f , φff .lf ), the second component is
x
f **
f //
lf
Ff(y )
Ff(y )
1
GG
F1fy
WW
φf +3 .
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• For associativity isomorphisms, 2-cells with first component afgh and second com-
ponent given by the following composite.
w
f // Ff(x )
Ff(g )
// FfFg(y )
FfFg(h )
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
χy // Fgf(z )
χh
Fgf(h )
// FgfFh(z )
ω−1fgh
χ // Fh(gf)(z )
FfFgFh(z )
Ff(χ)
//
χFh(z )
88rrrrrrrrrrrrrrr
FfFhg(z ) χ
// F (hg)f(z )
Faz
OO
• For left unit isomorphisms, 2-cells with first component lf and second component
given by the following composite.
x
f // Ff(y )
Ff(iy)
%%❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
❑❑
1 // Ff(y )
FfF1y(y )Ff(y ) χ
//
γ−1
f
F1yf(y )
F ly
<<③③③③③③③③③③③③
• For right unit isomorphisms, 2-cells with first component rf and second component
given by the following composite.
x
i //
f ,,
F1(x )
F1(f)
// F1Ff(y )
χ // Ff1(y )
Ff(y )
i iFf
OO
Fry
99
δ−1f
By projecting onto the first component of elF we obtain a homomorphism PF : elF →
B.
3.3.4. Proposition. PF : elF → B is a fibration.
Proof. To show that elF is a bicategory we need to use the axioms for a trihomomorphism.
• elF ((x, x ), (y, y )) is a category: the definition of vertical composition uses the
coherence isomorphisms for the homomorphism Fxy. The three axioms for this
homomorphism give associativity and left and right identity in elF ((x, x ), (y, y )).
• Horizontal composition is functorial: the definition of horizontal composition uses
the isomorphism χβα from the transformation χ. The two axioms for this transfor-
mation make horizontal composition in elF functorial.
• Coherence axioms: the coherence isomorphisms make use of invertible modifications
ω, γ and δ. The two axioms for these modifications ensure that the axioms for a
bicategory hold.
Observe that composition in elF in the first component is just composition in B, thus
PF is a homomorphism that preserves composition and identities strictly. We need to show
that PF : elF → B is a fibration.
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Suppose that f : x → y in B and (y, y ) is in elF . We claim that ϕ(f, (y, y )) =
(f, 1Ff(y )) : (x, Ff(y ))→ (y, y ) is cartesian over f .
Ff(y )
1Ff(y )
// Ff(y )
Whenever
(z, z )
(g,g )
''◆◆
◆◆◆
◆◆◆
◆◆◆
(h, )

(α, ) ;C⑧⑧
(x, Ff(y ))
(f,1)
// (y, y )
over
z
g
""❋
❋❋
❋❋
❋❋
❋❋
❋❋
h

α ;C⑧⑧
x
f
// y
we can choose h = χ.Fαy .g and α equal to
z
g //
g 00
Fg(y )
Fαy // Ffh(y )
1
77
χ //
l
FhFf(y )
Fh(1)
//
χ
441
00
ǫ
FhFf(y )
r
χ // Ffh(y )
Fg(y )
Fαy
<<
to give a lifting of (h, α) as required. Showing the 2-cell property is not very difficult but
requires large diagrams that we will not include here. Thus PF has cartesian 1-cells.
Suppose that α : f ⇒ g : x→ y in B and (g, g ) is in elF . We claim that ϕ(α, (g, g )) =
(α, 1Fαy g) : (f, Fαy g)⇒ (g, g ) : (x, x )→ (y, y ) is cartesian over α.
x
Fαy g //
g %%❑❑
❑❑
❑❑
❑❑
❑❑
❑ Ff(y )
1
Fg(y )
Fαy
OO
Whenever
(h, h )
(γ,γ )
"*▼
▼▼▼
▼▼▼
▼▼▼
▼▼▼
▼▼▼
▼▼▼
▼
(δ, )

(f, Fαy g
(α,1)
+3 (g, g )
over
h
γ
'❍
❍❍
❍❍
❍❍
❍❍
❍
❍
❍❍
❍
δ

f α
+3 g
we find that δ = γ .φ−1δα g and that this uniquely makes (γ, γ ) = (α, 1).(δ, δ ). This occurs
precisely because 1Fαy g is an isomorphism. Thus PF has cartesian 2-cells.
The horizontal composite of the two lifts (α, 1Fαy g), (β, 1Fβz k) has first component
β ∗ α and second component a pasting of χβα and Fαg . Since the second component is
an isomorphism we can use the argument above to show that this is cartesian. Thus by
Proposition 3.1.16 cartesian 2-cells are closed under horizontal composition. 
3.3.5. Construction (Pseudo-inverse to the Grothendieck construction). Suppose that
P : E → B is a fibration. We define a trihomomorphism FP : B
coop → Bicat as follows:
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on 0-cells: Fb = Eb for all b ∈ B. Eb is the fibre of P over b. Its 0-, 1- and 2-cells
are those in E that map to b, 1b and 11b. Horizontal composition of 1-cells is defined by
g∗ˆf = r∗(g.f): the domain of the cartesian lift of r : 1b → 1b.1b at g.f . Composition of
2-cells is defined to be the unique 2-cell in the following diagram.
g∗ˆf
ϕ +3
α∗ˆβ

g.f
α∗β

k∗ˆh ϕ
+3 k.h
over
1
r +3
11

1.1
11∗11

1 r
+3 1.1
Identities are given by
1ˆ
ϕ +3
1ˆ1 
1
11

1ˆ ϕ
+3 1
over
1
φ +3
11

P1
11

1
φ
+3 P1
and coherence isomorphisms by
h∗ˆ(g∗ˆf)
ϕ +3
aˆ

h.(g∗ˆf)
hϕ +3 h.(g.f)
a

(h∗ˆg)∗ˆf ϕ
+3 (h∗ˆg).f
ϕf
+3 (h.g).f
over
1
r +3
11

1.1
1.r +3 1.(1.1)
a

1 r
+3 1.1
r.1
+3 (1.1).1
et cetera. The uniqueness of these 2-cells guarantees that the middle-four interchange holds
and that these isomorphisms satisfy the axioms for a bicategory.
on 1-cells: Ff = f ∗ : Eb′ → Eb is the homomorphism described using the following diagram
(isomorphisms omitted).
f ∗e
f∗k

f∗h

f∗α+3
ϕ(f,e)
// e
k

h

α +3
f ∗e′
ϕ(f,e′)
// e′
over
b
f //
1b

1b

=
b′
1b′

1b′

=
b
f
// b′
Ff sends e to the domain of ϕ(f, e). Using the cartesian 1-cell ϕ(f, e′) we send h, k to f ∗h,
f ∗k over 1b with an iso-square on the front and back and α is send to the unique f
∗α over
11b . The action of f
∗ on 1-cells is only defined up to a unique isomorphism. The coherence
isomorphisms for f ∗ are precisely the unique 2-cells that arise when comparing f ∗h′∗ˆf ∗h
to f ∗(h′ ∗ h) and 1ˆf∗e to f
∗(1e).
Again, the uniqueness of these maps ensures that f ∗ preserves vertical composition of
2-cells in the fibres and that the coherence isomorphisms satisfy the appropriate axioms.
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on 2-cells: Fσ = σ∗ : g∗ ⇒ f ∗ : Eb′ → Eb is the transformation described by the following
diagrams (isomorphisms omitted).
f ∗e ϕ(f,e)
  
g∗e
σ∗e
33
ge
**
ϕ(g,e)
44ϕ(σ,ϕ(g,e)) e
over
b f
!!
b
f
))
g
55σ
1
33
b′
We take the cartesian lift of σ at ϕ(g, e) and factor its domain as ϕ(f, e).σ∗e (see Proposition
3.3.8 below). Then (Fσ)e = σ
∗
e . Now suppose k : e→ e
′ and consider the action of f ∗ and
g∗ on k. We construct Fσk = σ
∗
k as the unique isomorphism in the diagram
ϕ(f, e′).f ∗k ∗ σ∗e
1ϕ +3
1σ∗
k 
ϕ(f, e′).f ∗k.σ∗e
τf1 +3 k.ϕ(f, e).σ∗e
1ϕ +3 k.ge
τg
ϕ(f, e′).σ∗e′ ∗ g
∗k
1ϕ
+3 ϕ(f, e′).σ∗e′ .g
∗k
ϕ1
+3 ge′.g
∗k
over
f.1
f.r +3
f.11 
f.1.1
lr.1 +3 1.f.1
1.r +3 1.f
lr
f.1
f.r
+3 f.1.1
r.1
+3 f.1
.
where τf is the isomorphism associated with the action of f
∗ on k. It is obtained using the
cartesian property of ϕ(f, e′) and the indicated diagrams.
Again, the uniqueness of the σ∗k ensures that σ
∗ is actually a transformation.
F is locally a homomorphism: Suppose α : f ⇒ g : b→ b′ and β : g ⇒ h. Then
f ∗e
ϕ(f,e)
✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
✯✯
∼=
g∗e
α∗e
CC✝✝✝✝✝✝✝✝✝✝✝✝
∼=
ϕ(g,e)
++
ge

ϕ(α, )
h∗e
β∗e
BB✝✝✝✝✝✝✝✝✝✝✝
ϕ(h,e)
33
he
++ϕ(β, ) e
and
f ∗e
ϕ(f,e)
✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
✰✰
∼=
h∗e
(α.β)∗e
DD✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟✟
he
**
ϕ(h,e)
44ϕ(α.β, ) e
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both sit over
b
f
✵
✵✵
✵✵
✵✵
✵✵
✵✵
✵✵
r
b
1
@@✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁✁
f
**
h
44α.β b
′
so there exists a unique isomorphism (φβα)e : (α.β)
∗
e ⇒ α
∗
e.β
∗
e . This is the component of a
modification and is one of the coherence isomorphisms for Fbb′ : B(b, b
′) → Bicat(Eb, Eb′).
The isomorphism for identities φf : (1f)
∗ ⇒ (1f∗) is formed in a similar way. Their unique-
ness ensures that they satisfy the appropriate axioms.
Horizontal composition is preserved up to pseudo-natural equivalence: Suppose α : f ⇒
g : b→ b′ and β : h ⇒ k : b′ → b′′ then since cartesian 1-cells are unique up to equivalence
we get an equivalence χhf e
(hf)∗e
ϕ(hf,e)
))❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚
χhfe

rˆ ;C⑧⑧
f ∗h∗e
ϕ(f,h∗e)
// h∗e
ϕ(h,e)
// e
over
b
hf
))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
1

r ;C⑧⑧
b
f
// b′
h
// b′′
that is unique up to isomorphism. It is the 1-cell component of a transformation χhf : f
∗h∗ ⇒
(hf)∗. The 2-cell component of χhf is obtained as the unique 2-cell comparing two 1-cell
lifts along a given cartesian 1-cell. Essentially every 2-cell isomorphism in this construc-
tion is obtained this way and all the the relevant axioms hold by uniqueness. For example,
the invertible modification χβα is described the same way and satisfies the axioms for a
modification by uniqueness.
Identity 1-cells are preserved up to pseudo-natural equivalence: Suppose 1b : b→ b then
since cartesian 1-cells are unique up to equivalence we get an equivalence ιbe
e
1
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘❘
❘
ιbe

rˆ ;C⑧⑧
1∗e
ϕ(1,e)
// e
over
b
1
))❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙
1

r ;C⑧⑧
b
1
// b′′
that is unique up to isomorphism. It is the 1-cell component of a transformation ιb : (1b)
∗ ⇒
1Eb . The 2-cell component of ιb and the modification ι1b are constructed in a similar way
to that above.
Invertible modifications ω, γ, δ: As above, these are obtained using the 2-cell property
for cartesian 1-cells. For ωfghe we use
f ∗(g∗(h∗e))
ϕ(f,g∗(h∗e))
// g∗(h∗e)
ϕ(g,h∗e)
// h∗e
ϕ(h,e)
// e
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and the appropriate liftings from the definitions of χgf et cetera. The other two are done in
a similar way. We then use the uniqueness property to show that they satisfy the relevant
axioms.
This gives us the following result.
3.3.6. Proposition. FP : B
coop → Bicat is a trihomomorphism.
3.3.7. Remark (Fibres). We defined the fibre over an object b by insisting that each 1-cell
and 2-cell sit exactly above 1b and 11b. Then the composition is such that this actually
forms a bicategory. We could give a different kind of fibre by asking that 1-cells only have
Pf ∼= 1b and that (the image of) 2-cells in the fibre commute with these isomorphisms.
The construction would work either way. Our choice of fibre is more stable under the
action of the Grothendieck construction and its pseudo-inverse.
To prove that the Grothendieck construction is surjective up to equivalence we will need
the following two results.
3.3.8. Proposition. Suppose P : E → B is a fibration. Every f : x → z in E can be
factored as
x
f
$$■
■■
■■
■■
■■
■
fˆ

y
ϕ(Pf,z)
//
lˆ ;C⑧⑧
z
over
Px
1Px

Pf
%%❑❑
❑❑
❑❑
❑❑
❑❑
Px
Pf
//
l ;C⑧⑧
Pz
where fˆ is unique up to unique isomorphism.
Proof. The cartesian property of ϕ(Pf, z) gives a factorisation as shown above. Suppose
that there is another factorisation (fˆ ′, lˆ′) and consider the commuting shell formed with 1Pf
and 11Px in the base. There is then a unique isomorphism τ : fˆ
∼= fˆ ′ with lˆ = lˆ′.ϕ(Pf, z)τ
and Pτ = 11Px . 
3.3.9. Proposition. Suppose P : E → B is a fibration. Every α : f ⇒ g : w → z in E can
be factored as
w
f

g
::
fˆ
))
hˆ∗gˆ
55αˆ
gˆ
''
x
ϕ(Pf,z)

y
h
))
ϕ(Pg,z)
55ϕ(Pα,ϕ(g,z))
hˆ✇✇✇✇
;;✇✇✇✇
z
over
Pw
Pf

Pg
99
1
++
1
33
1
''
Pw
Pf

Pw
Pf
**
Pg
44Pα
1✉✉✉✉
::✉✉✉✉✉
Pz
where αˆ is unique up to choice of fˆ , gˆ and hˆ. (Invertible 2-cells have been omitted in each
diagram).
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Proof. The structure of this proof is the same as Proposition 2.2.6. Begin by factoring
f ∼= ϕ(Pf, z) · fˆ and g ∼= ϕ(Pg, z) · gˆ using Proposition 3.3.8. Now take the cartesian lift
of Pα at ϕ(Pg, z). Then ϕ(Pα, ϕ(Pg, z))gˆ is cartesian over Pα.1 and
ϕ(Pf, z)fˆ
τf +3
η

f
α +3 g
τg

hgˆ
ϕ(Pα,ϕ(Pg,z))gˆ
+3 ϕ(Pg, z)gˆ
over
Pf.1
r +3
1

Pf
Pα +3 Pg
r

Pf.1
Pα.1
+3 Pg.1
so there exists a unique η : ϕ(Pf, z)fˆ ⇒ hgˆ with Pη = 1Pf.1 and
w
fˆ
++
gˆ ''
f
%%g ..
α
y
ϕ(Pf,z)

x
ϕ(Pg,z)
33 z
=
w
fˆ
++
gˆ ''
y
η
ϕ(Pf,z)

x
h
))
ϕ(Pg,z)
55ϕ(Pα,...) z
.
By Proposition 3.3.8 we factor h ∼= ϕ(Pf, z) · hˆ where P hˆ = 1Px. We then form the
fibre-composite of hˆ and gˆ by lifting the isomorphism 1 ∼= 1.1. Finally, we observe that
ϕ(Pf, z)fˆ
η +3
1

hgˆ
τhgˆ
ϕ(Ph, z)hˆgˆ
ϕ(Ph,z)ϕ(r,−)

ϕ(Pf, z)fˆ
ϕ(Ph,z)αˆ
+3 ϕ(Ph, z)(hˆ∗ˆgˆ)
over
Pf.1
1 +3
1

Ph.1
r1

Pf.1.1
Pfr

Pf.1
Pf.11
+3 Pf.1
so there exists a unique αˆ : fˆ ⇒ hˆ∗ˆgˆ over 11Pw with ϕ(Ph, z)ϕ(r, 1).τhgˆ.η = ϕ(Pf, z)αˆ and
hence a decomposition of α as stated.
Suppose that there was another decomposition of α that obtained αˆ′ using fˆ ′, gˆ′ and
hˆ′. Then there exist unique τf , τg and τh as in Proposition 3.3.8. Using the fact that αˆ
′ is
unique, we find that αˆ′ = (τh∗ˆτg).αˆ.τf . 
3.3.10.Construction (Surjective up to biequivalence). In order to show that the Grothendieck
construction is surjective up to biequivalence we need to find for every P a biequivalence
of fibrations
elFP
H //
π
!!❉
❉❉
❉❉
❉❉
❉
E
P  
  
  
  
B
.
First, what is elFP ? Its data consists of:
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0-cells: pairs (x, x ) where x ∈ E and Px = x.
1-cells: pairs (f, f ) : (x, x )→ (y, y ) where f : x→ y in B and f : x → f ∗(y ) in Ex.
2-cells: pairs (α, α ) : (f, f ) ⇒ (g, g ) : (x, x ) → (y, y ) where α : f ⇒ g in B and
α : f ⇒ α∗y ∗ˆg in Ex.
x
f
,,
α∗y ∗g
22
g &&▼▼
▼▼▼
▼▼▼
▼▼▼
α f
∗(y )
g∗(y )
α∗y
88qqqqqqqqq
Then H : elFP → E is defined on 0-cells by H(x, x ) = x . On 1-cells by H(f, f ) =
r∗(ϕ.f ), the domain of the cartesian lift of r : f ⇒ f.1 at
x
f // f ∗y
ϕ(f,y )
// y .
On 2-cells H(α, α ) is the composite
x
H(f,f )

H(g,g )
99
f
++
α∗y ∗gˆ
33α
g
''
f ∗y
ϕ(f,y )

y
h
**
ϕ(g,y )
44ϕ(α,ϕ(g,y ))
α∗y✈✈✈✈
;;✈✈✈
y
.
The coherence isomorphisms are the unique fillers in the following diagrams.
H(g, g ).H(f, f )
rˆ∗rˆ +3

ϕ(Pg, ).g .ϕ(Pf, ).f
ϕ(Pg, ).∼=.f

ϕ(Pg, ).ϕ(Pf, ).f ∗(g ).f
∼=.f∗(g ).f

H((g, g ).(f, f ))
rˆ
+3 ϕ(Pgf, ).χ.f ∗(g ).f
H((1, (ix)x )
rˆ +3

ϕ(P1, )(ix)x
∼=

1H(x,x ) 1
+3 1x
Note that the coherence maps χ and ι are those given by the inverse to the Grothendieck
construction.
3.3.11. Proposition. The functor H is a cartesian biequivalence.
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Proof. First,
RFP (x, x ) = x = PH(x, x )
RFP (f, f ) = f = PH(f, f )
RFP (α, α ) = α = PH(α, α )
so PH = RFP .
Second, the chosen cartesian maps in elFP are those with identities in the second com-
ponent. Since H acts by post-composition with cartesian maps it is cartesian on chosen
cartesian maps, thus H is cartesian.
Third, for every e ∈ E there exists (Pe, e) ∈ elFP with H(Pe, e) = e so H is surjective
on objects. Then each 1-cell in the image ofH is a composite of a factorisation according to
Proposition 3.3.8. Since such factorisations are unique up to isomorphism, H is surjective
up to isomorphism on 1-cells. Finally, all 2-cells in the image of H are composites of
factorisations according to Proposition 3.3.9. Since such factorisations are unique (up to
the given factorisation of the 1-cells), H is appropriately bijective on 2-cells. Thus H is a
biequivalence. 
3.3.12. Theorem. The Grothendieck construction is the action on objects of a triequiva-
lence
el : [Bcoop,Bicat]→ Fib(B).
Proof. We have already shown that on objects el is surjective up to biequivalence (Proposi-
tion 3.3.11). Showing that it is locally a biequivalence requires many pages of verification.
We will present most of the required data but omit many of the details.
Suppose η : F ⇒ G is a tritransformation in [Bcoop,Bicat]. We define el η : elF → elG
by el η(x, x ) = (x, ηx(x )) on objects and el η(f, f ) = (f, ηf y .ηx(f )) on 1-cells. The first
component of el η(α, α ) is α and the second is the composite
ηx(x )
ηx(f )//
ηx(g )
""❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋
ηxFf(y )
ηf y // Gfηy(y )
ηx(α )
ηxFg(y )
ηxFαy
OO
ηgy
// Ggηy(y )
Gαηyy
OO
ηαy .
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The coherence isomorphisms φfg have first component 1fg and second component
ηx(x )
ηx(f )

ηxFf(y )
ηxFg(f )
$$■
■■
■■
■■
■■
■■
■■
ηf y // Gfηy(y )
Gf(g )
// GfηyFg(z )
Gfηgy // GfGgηz(z )
χ1 // Ggfηz(z )
ηxFgFf
ηfFg
99ssssssssssssss
ηxχ
//
ηf
ηxFgf
ηgf
99ssssssssssssss
Π
ηgf
// Ggfηz
G1ηz z
OO
∼=
where Π is part of the data of a tritransformation. The coherence isomorphisms φx have
first component 11x and second component
ηx(x )
ιηx(x ) %%❑❑
❑❑❑
❑❑❑
❑❑
ηx(i)// ηxF1(x )
η1 // G1ηx(x )
G1ηx(x )
G1ηxx
88qqqqqqqqqq
M
.
M is part of the data of a tritransformation.
This is a cartesian homomorphism from PF to PG and defines the action of el on 1-cells.
Suppose Γ: η ⇛ ǫ is a trimodification in [Bcoop,Bicat]. We define a transformation
el Γ: el η → el ǫ. The first component of el Γ(x,x ) is 1x and second component is
ηx(x )
Γxx // τx(x )
i // G1τx(x ) .
The first component of el Γ(f,f ) is lr and second component is
ηx(x )
Γx //
ηx(f )
""❋
❋❋
❋❋
❋❋
❋❋
❋❋
❋
τx(x )
τx(f )
$$❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
ιτ // G1τx(x )
G1τx(f )// G1τxFf(y )
G1τf // G1Gfτx(y )
χ1 // Gf1τx(y )
ηxFf(y )
∼=
ΓxFf //
ηf
$$❍
❍❍
❍❍
❍❍
❍❍
❍❍
❍❍
τxFf(y )
∼=
ιτFf
99tttttttttttttt
τf
%%❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
❏❏
Gfτy(y )
Grτy
OO
δ
Gfηy(y )
GfΓy
//
m
Gfτy(y )
∼=
1
44✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐✐
ιGfτ
BB☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎☎
Gfιτy
// GfG1τy(y ) χ1
// G1fτy(y )
Glτy
OO
Glrτyy
[[
γ
where m is part of the data of a trimodification. The unlabelled isomorphisms are associ-
ated with ι. This is a vertical transformation from el η to el τ and defines el on 2-cells.
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Suppose ζ : Γ→ Λ is a perturbation in [Bcoop,Bicat]. We define a modification el ζ : el Γ→
el Λ. The first component of el ζ(x,x ) is 11x and the second component is
ηx(x )
Γx
++
Λx
33
ζx τx(x )
ι //
ι
$$■
■■
■■
■■
■■
■■
■■
G1τx(x )
∼=
G1τx(x )
1
HH
G11τxx
VV
∼=
.
This is a vertical modification from el Γ to el Λ and defines el on 3-cells.
It can be verified that el is a trihomomorphism.
Suppose α : elF → elG is a cartesian homomorphism. We will define a tritransformation
αˆ : F ⇒ G with el αˆ ≃ α. This means homomorphisms αˆx : Fx→ Gx and pseudo-natural
equivalences αˆx.F (-)⇒ G(-).αˆy
αˆx.F g
αˆxFγ

αˆg +3 Gg.αˆy
Gγαˆx

αˆx.Ff
αˆf
+3
αˆγ ⑧7G⑧⑧⑧⑧
Gf.αˆy
together with two invertible modifications Π and M .
Suppose σ : h ⇒ k : a → b in Fx. Define αˆx : Fx → Gx to be the composite Fx →
elFx → elGx → Gx where elFx is the fibre over x. The first map sends
a
h
%%
k
99σ b 7→ (x, a)
(1x,ι.h)
**
(1x,ι.k)
44(11x ,δ) (x, b) where δ is
a
h //
k
!!❈
❈❈
❈❈
❈❈
❈❈
❈ b
ιb //
OO
1
F1(b)
OO
F (11)b
σ
#
❄❄
b ιb
//
ι1b
#
❄❄
F1(b)
.
The second map is α restricted to fibres and the final map is π2, the projection onto the
second component. We choose not to include descriptions of αˆf , αˆσ, Π or M .
We find that α(x, x ) equals el αˆ(x, x ) and that 1α(x,x ) are the 1-cell components of a
pseudo-natural equivalence. Thus el is locally surjective up to equivalence.
Suppose Γ: elα → el β is a vertical transformation. We will define a trimodification
Γˆ : α ⇒ β with el Γˆ ∼= Γ. This means transformations Γˆxαx ⇒ βx together with invertible
modifications m.
Remember that the action of elα on objects is elα(x, x ) = (x, αx(x )). Thus the second
component of Γ(x,x ) : (x, αx(x )) → (x, βx(x )) is a 1-cell αx(x ) → G1βx(x ). Then let
(Γˆx)x be this 1-cell composed with ι
 : G1βx(x ) → βx(x ). We choose not to include
descriptions of (Γˆx)f or m.
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We find that (el Γˆ)(x,x ) = (1x, ι.(Γˆx)x ) = (1x, ι.ι
.π2Γ(x,x )) ∼= (1x, π2Γ(x,x )) = Γ(x,x ) and
that this invertible 2-cell is the component of a modification. Thus el is surjective up to
isomorphism on 2-cells.
Suppose ζ : el Γ→ el Λ is a vertical modification. We will define a perturbation ζˆ : Γ⇒ Λ
with el ζˆ = ζ . This means modifications ζˆx : Γx ⇛ Λx satisfying the appropriate axioms.
The 2-cell components of ζ(x,x ) have first component 11x and second component a 2-cell
pictured on the left. We define ζˆ by letting (ζˆx)x equal the pasting given on the right.
αx(x )
ιΓx //
ιΛx ((◗◗
◗◗◗
◗◗◗
◗◗◗
◗
G1βx(x )
#
❄❄
G1βx(x )
G11
OO
αx(x )
Γx
**
Λx
55
ιΓx //
ιΛx %%▲▲
▲▲
▲▲▲
▲▲▲
G1βx(x )
ι // βx(x )
#
❄❄
G1βx(x )
G11
OO
ι
// βx(x )
1
OO
ι
#
❄❄
This makes ζˆ a perturbation and it is unique with the property that el ζˆ = ζ . Thus el is
bijective on 3-cells.

3.3.13. Remark (Variations on the Grothendieck construction). Suppose that P : E → B
is a 2-fibration and apply the inverse Grothendieck construction with the ordinary notion
of fibre. When we inspect the reasoning we find:
• Fb = Eb is a 2-category.
• Ff = f ∗ is a 2-functor.
• Fα = α∗ is a pseudo-natural transformation (2-natural when P is horizontally
split).
• F is still locally a homomorphism (locally a 2-functor when P is locally split and
horizontally split).
• χ is a pseudo-natural isomorphism and χgf is 2-natural (χ is 2-natural when P is
horizontally split and χgf is an identity when P is split on 1-cells).
• ι is a pseudo-natural isomorphism and ιb is 2-natural (ι is 2-natural when P is
locally split and ιb is an identity when P is split on 1-cells).
• ω, δ and γ are identities.
This amounts to a trihomomorphism F : Bcoop → Gray where χ, ι are invertible, ω, δ and
γ are identities and χgf , ιa are 2-natural. Trihomomorphisms of this kind certainly do give
2-fibrations under the Grothendieck construction.
When P is locally and horizontally split these trihomomorphisms map into 2Cat and
are just homomorphisms of “2Cat-enriched bicategories”. Functors of this kind certainly
do give (appropriately split) 2-fibrations under the Grothendieck construction.
3.3.14. Remark. As in section 2: the action of the Grothendieck construction on objects
is described by Bakovic in [Bak11] section 6. Section 5 of the same paper gives a partial
description of the action on objects of the pseudo-inverse. With some adjustments, we
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have completed the second construction (Theorem 5.1) and shown that together they form
an equivalence of 3-categories. It was in completing Bakovic’s description of the pseudo-
inverse to the Grothendieck construction that we discovered that cartesian 2-cells must be
closed under post-composition with all 1-cells.
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3.4. Examples.
3.4.1. Construction (Families). When B is a bicategory we define Fam(B) as the bicat-
egory of ‘1-cell diagrams’ in B. An object of Fam(B) is a pair (C , X) of where C is a
category and X : C op → B is a pseudo-functor. A 1-cell is a pair (F, α) : (C , X)→ (D , Y )
where F : C → D is a functor and α : X ⇒ Y F op is a pseudo-natural transformation. A
2-cell is a pair (σ,Σ): (F, α) ⇒ (G, β) where σ : F ⇒ G is a natural transformation and
Σ: α⇛ Y σop.β is a modification.
C op
X ❅
❅❅
❅❅
❅❅
❅❅
F op //
α +3
Dop
Y⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦
C op
X ❅
❅❅
❅❅
❅❅
❅❅
F op
++
Gop
33σop
KS
β +3
Dop
Y⑦⑦
⑦⑦
⑦⑦
⑦⑦
⑦
B
Σ❴ *4
B
Composition and identities are not hard to describe. The coherence isomorphisms a, l and
r are modifications obtained from the corresponding coherence isomorphisms in B. There
is an obvious functor π : Fam(B)→ Cat defined by projection onto the first component.
3.4.2. Example. π : Fam(B)→ Cat is a fibration.
Proof. First, suppose that (D , Y ) in Fam(B) and F : C → D in Cat. Let the cartesian lift
of F at (D , Y ) be (F, 1Y F op) : (C , Y F
op) → (D , Y ). Now suppose that (G, β) : (C , X) →
(D , Y ) in Fam(B) and σ : F ⇒ G in Cat. Let the cartesian lift of σ at (G, β) be
(σ, 1Y σ.β) : (F, Y σ.β) ⇒ (G, β). The details here are somewhat more complicated but
the basic behaviour is the same as Example 2.3.2. 
3.4.3. Definition. Suppose that B is a bicategory. An arrow p : a → b in B is called a
Street fibration when p∗ : B(c, e)→ B(c, b) is a Street fibration for all c and the square
B(c, e)
p∗

f∗ // B(c′, e)
p∗

B(c, b)
f∗
//
∼=
B(c′, b)
is a morphism of Street fibrations for all f : c′ → c.
This means that for each g : e→ a and 2-cell α : h→ pg there exists a 2-cell ϕ(α, g) : α∗g ⇒
g and isomorphism η : h⇒ pα∗g where ϕ(α, g) is cartesian for p∗ and
e
g //
h --
a
p

α ;C⑧⑧
b
=
e
g
''
α∗g
77
h --
ϕ(α,g)
KS
η ;C⑧⑧
a
p

b
.
It also means that cartesian 2-cells are closed under pre-composition with arbitrary 1-cells.
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3.4.4. Definition. A morphism between Street fibrations p : e→ b and q : e′ → b′ is a pair
(f : e→ e′, g : b→ b′) where q.f ∼= g.p and
B(c, e)
p∗

f∗ // B(c, e′)
q∗

B(c, b) g∗
//
∼=
B(c, b′)
is a morphism of Street fibrations for all c.
3.4.5. Construction (Internal fibrations). We define FibB to be the bicategory with:
• Objects are Street fibrations g : a → b in B. These are sometimes written as a
triple (a, g, b).
• 1-cells are triples (h, σ, h′) : (a, g, b)→ (c, g′, d) where σ is an isomorphism
a
h //
g

σ
c
g′

b
h′
// d
and h is a cartesian 1-cell.
• 2-cells are pairs of 2-cells (α, α′) : (h, σ, h′)→ (k, τ, k′) so that
a
h //
g

σ
c
g′

b
h′
&&
k′
88α′ d
=
a
h
&&
k
88α
g
 τ
c
g′

b
k′
// d
in B. We sometimes write (α, 1, α′) where 1 is representative of the commuting
condition.
Composition and identities are easy to describe.
There is a homomorphism cod: FibB → B defined by projection onto the third com-
ponent. It is called the codomain functor because it projects onto the codomain of the
objects of FibB. It is modelled on cod: Fib → Cat which was used by Hermida to guide
the definition of 2-fibrations.
3.4.6. Example. When B has bipullbacks cod: FibB → B is a fibration.
Proof. Suppose that (c, q, d) in FibB and h : b→ d in B. The cartesian lift of h is obtained
by taking the bipullback of q and h
a
hˆ //
qˆ

σ
c
q

b
h
// d
.
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See [Str74] for a proof that internal Street fibrations are closed under bipullback.
Now suppose that (h, σ, h′) in FibB and α
′ : k′ ⇒ g′ in B. Then σ.α′g : k′g ⇒ g′h and
since g′ is a Street fibration, we get a cartesian lift α : k ⇒ h with η : g′k ∼= k′g
a
h

g

σ ;C⑧⑧
b
h′

k′ ,,
c
g′

α′ ;C⑧⑧
d
=
a
h
k ,,
g

α ;C⑧⑧
b
k′ ,,
c
g′

η ;C⑧⑧
d
.
Then the cartesian lift of α′ is (α, 1, α′) : (k, η, k′)→ (h, σ, h′). 
3.4.7. Example (Algebras). Let Mnd(K ) be the bicategory of pseudo-monads on a bicat-
egory K (called doctrines in [Str80] 2.10). There is a trihomomorphism Mnd(K )coop →
Bicat that maps each pseudo-monad T to the bicategory T -Alg of T -algebras, lax alge-
bra morphisms and algebra 2-cells. We can use the Grothendieck construction to con-
struct a fibration Alg → Mnd. The objects of the total category Alg are algebras for
a pseudo-monad: pairs (S, (A,m)) where m : SA → A is a S-algebra. The 1-cells from
(S, (A,m)) to (T, (B, n)) are pairs (λ, (f, θf)) where λ is a monad morphism from S to T
and (f, θf) : (A,m)→ Fλ(B, n) is a lax algebra morphism.
SA
Sf

m //
θf ;C⑧⑧
A
f

SB
λB
// TB n
// B
.
The 2-cells of Alg are pairs (Γ, α) : (λ, (f, θf )) → (τ, (g, θg)) where Γ: λ → τ is a monad
2-cell and α is an algebra 2-cell
(A,m)
(g,θg) ""❉
❉❉
❉❉
❉❉
❉
(f,θf ) //
α
Fλ(B, n)
Fτ(B, n)
FΓ(B,n)
;;✇✇✇✇✇✇✇✇✇
.
The fibration is projection on the first component of Alg. By construction the fibre over
T is equivalent to T -Alg.
3.4.8. Example (Equivalence lifting). A homomorphism P : E → B is said the have the
equivalence lifting property when:
(1) for each object e and equivalence f : b→ Pe there is an equivalence fˆ : a→ e with
P fˆ = f ; and
(2) for each arrow h : e → e′ and isomorphism α : g → Ph there is an isomorphism
αˆ : k → h with P αˆ = α.
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When P is strict, these are precisely the fibrations in Lack’s Quillen model structure on
Bicats [Lac04].
Every fibration has the equivalence lifting property. Further more, when E and B are
bigroupoids (bicategories in which all 1-cells are equivalences and all 2-cells are isomor-
phisms) every homomorphism with the equivalence lifting property is a fibration.
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4. Composition, Commas and Pullbacks
In this section we show that fibrations are closed under composition and closed under
equiv-comma, and that projections from oplax comma bicategories are fibrations.
4.1. Composition.
4.1.1. Proposition. If P : D → B and Q : E → D are fibrations then PQ : E → B is a
fibration.
Proof. We first need to show that it has cartesian lifts of 1-cells. Suppose that e ∈ E and
f : a→ PQe in B, then let f ′′ = ϕ(ϕ(f,Qb), b). This is the cartesian double-lift:
f ′∗b
f ′′ // b
f ∗Qb
F ′ // Qb
a
f // PQb
where f ′ is cartesian for P over f and f ′′ is cartesian for Q over f ′. We need to show that
f ′′ is cartesian for PQ over f . This is trivial when we consider the definition of cartesian
1-cell by bipullback.
E(z, x)
Qzx

f ′′
∗ // E(z, y)
Qzy

∼=
D(Qz,Qx)
PQzQx

f ′
∗ // D(Qz,Qy)
PQzQy

∼=
B(PQz, PQx)
f∗
// B(PQz, PQy)
Since both squares below are bipullbacks, the composite is a bipullback and f ′′ is a cartesian
1-cell over f . This could also be proved by explicitly using the properties of cartesian 1-
cells.
Now we need to show that PQ locally fibred. Since PQxy is defined by the composite
E(x, y)
Qxy // D(Qx,Qy)
PQxQy// B(PQx, PQy)
and P and Q are locally fibred, PQxy is a fibration. Thus PQ is locally fibred. The
cartesian lifts of 2-cells in B are the double-lifts similar to those described above.
Finally, we need to show that cartesian 2-cells closed under horizontal composition.
Suppose that α and β are the chosen cartesian lifts of PQα and PQβ; then α ∗ β is
cartesian over Q(α ∗β) because Q is a fibration. Notice also that Qα ∗Qβ is cartesian over
P (Qα ∗Qβ) because P is a fibration. But
Qhf
Q(α∗β)
+3 Qkg = Qhf
φ +3 QhQf
Qα∗Qβ+3 QkQg
φ−1 +3 Qkg
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where φ is the composition coherence isomorphism for Q. Now since isomorphisms are
cartesian, Q(α ∗ β) is cartesian over PQ(α ∗ β). Thus α ∗ β is a cartesian lift of a cartesian
lift and so it is cartesian for PQ. We’ve proven this for the chosen cartesian lift only but
by Proposition 2.1.14 this is enough. 
4.1.2. Proposition. If P : D → B and Q : E → D are 2-fibrations then PQ : E → B is a
2-fibration.
Proof. This proof is essentially the same as that for fibrations. There are no major differ-
ences. 
4.2. Oplax Comma bicategories.
4.2.1.Construction (Oplax Comma bicategory). Suppose that F , G are homomorphisms.
Let (F ↓ G) be the bicategory whose objects are (x, x′, τx) where x ∈ C, x
′ ∈ B and
τx : Fx → Gx
′. The arrows are triples (f, f ′, τf ) : (x, x
′, τx) → (y, y
′, τy) where f : x → y,
f ′ : x′ → y′ and τf : τyFf ⇒ Gf
′τx. The 2-cells are triples (α, α
′, τα) : (f, f
′, τf)⇒ (g, g
′, τg)
where α : f ⇒ g, α′ : f ′ ⇒ g′ and τα is an equality:
Fx
τx //
Fg

Ff

Fα+3
Gx′
Gg′

Fy τy
// Gy′
τg ;C⑧⑧
=
Fx
τx //
Ff

Gx′
Gg′

Gf ′

Gα′+3
Fy τy
//
τf ;C⑧⑧
Gy′
.
Composition and identities are given in the obvious way. By projection onto the first
and second components we obtain pseudo-functors d0 and d1. Both of these preserve
composition and identities on the nose.
This gives rise to an oplax natural transformation whose components are given by pro-
jecting (F ↓ G) onto its third component.
(F ↓ G)
d1 //
d0

B
G

C
F
// D
τ ;C⑧⑧
4.2.2. Remark (Lax Comma bicategories). The obvious variation on this construction
is called “2-comma-category” in [Gra69] and “lax comma category” in [KS74]. We have
merely adjusted it to fit the context of bicategories.
4.2.3. Remark (Weighted limits). The oplax comma bicategory construction could also
be defined as some kind of weighted limit. The same is true of other constructions later in
this section. We leave the details to the interested reader.
4.2.4. Proposition. For any F : C → D and G : B → D, d0 : (F ↓ G)→ C is a fibration.
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Proof. We need to show that d0 has cartesian lifts of 1-cells. Suppose that (y, y
′, σy) in
(F ↓ G) and f : x → y in C . Then there exists (f, 1, σf1) : (x, x
′, σx) → (y, y
′, σy) where
x′ = y′, σx = σy.Ff and σf1 is
Fx
σx //
Ff

σx
!!❉
❉❉
❉❉
❉❉
❉❉
❉❉
❉ Gy
′
G1

1

∼=
Fy σy
//
∼=
Gy′ .
.
where the unlabelled isomorphisms are coherences for G and D . This is a cartesian lift of
f .
We need to show that d0 has cartesian lifts of 2-cells. Suppose that (g, g
′, σg) : (x, x
′, σx)→
(y, y′, σy) in (F ↓ G) and α : f ⇒ g in C . Then there exists (α, 1g′) : (f, f
′, σf)⇒ (g, g
′, σg)
where f ′ = g′, σf = σg.σyFα and thus
Fx
σx //
Fg

Ff

Fα+3
Gx′
Gg′

Fy σy
// Gy′
σg ;C⑧⑧
=
Fx
σx //
Ff

Gx′
Gg′

Gg′

G1 +3
Fy σy
//
σf ;C⑧⑧
Gy′
.
This is a cartesian lift of α.
We need to check that cartesian 2-cells are closed under horizontal composition. Exam-
ining the chosen cartesian 2-cells we find that (α, 1g′) ∗ (β, 1k′) = (α ∗ β, 1g′k′) and thus
they’re closed under composition. We’ve proven this for the chosen cartesian lifts only, but
by proposition 2.1.14 this is enough. 
4.2.5. Remark. When F is an identity 1D we use D/G → D instead of (1D ↓ G) → D .
This is referred to by Bakovic [Bak11] as the “canonical fibration associated to F”. We call
it the free fibration on F (see the following remark).
4.2.6.Remark (Free fibrations). IfH : A → B is a homomorphism then FH = d0 : B/H →
B is the free fibration on H . There is a biequivalence
(Fib/B)(FH, P ) ≃ (Cat/B)(H,UP )
where UP is P regarded simply as a homomorphism. The details are very similar to the
standard result for ordinary fibrations. The only extra result we need is to know that
you can lift arbitrary 2-cells along cartesian 1-cells (the 2-cells in the base need not be
isomorphisms). This relies on the fact that fibrations are locally fibred.
The naturality of this biequivalence is very weak: it is the 1-cell component of a tri-
transformation
(Bicat/B)op × Fib/B
Fib/B(F -,-)
,,
Bicat/B(-,U -)
22 Bicat .
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4.2.7. Remark (Two-sided fibrations). This construction also makes d1 a ‘coop-fibration’
and the span (d0, d1) has some of the characteristics of a two-sided discrete fibration. By
‘coop-fibration’ we mean the notion dual to fibration: a homomorphism that is locally
an opfibration, has opcartesian lifts of 1-cells and opcartesian 2-cells are closed under
horizontal composition.
Locally, the span (d0, d1) is a discrete two-sided fibration: whenever (α, α
′) : (f, f ′, σf )⇒
(g, g′, σg) we have
d1(ϕ(α, (g, g
′, σg))) = 1g′
d0(ϕ(α
′, (f, f ′, σf ))) = 1f
ϕ(α′, (f, f ′, σf )).ϕ(α, (g, g
′, σg))) = (α, α
′).
This means that the cartesian lifts for d0 are identities under the action of d1; and vice
versa; and that the cartesian lift of d0(α, α
′) and the opcartesian lift of d1(α, α
′) compose
to give (α, α′).
On 1-cells the behaviour is somewhat weaker. Whenever (f, f ′, σf) : (x, x
′, σx)→ (y, y
′, σy)
we have
d1(ϕ(f, (y, y
′, σy))) = 1y′
d0(ϕ(f
′, (x, x′, σx))) = 1x
and
(x, x′, σx)
(f,f ′,σf ) //
(1,f ′,r.φ) ''◆◆
◆◆◆
◆◆◆
◆◆◆
(y, y′, σy)
(x, y′, Gf ′σx)
(1,φ.l.σf .r.φ)
//
(r.r,l.l)
(x, y′, σyFf)
(f,1,φ.l)
88♣♣♣♣♣♣♣♣♣♣♣
where the φ are coherence isomorphisms for F and G.
4.2.8. Proposition. For any 2-functors F : C → D and G : B → D, d0 : (F ↓ G) → C is
a 2-fibration.
Proof. This proof is essentially the same as that for fibrations. There are no major differ-
ences. 
4.3. Pullbacks.
4.3.1. Construction (equiv-comma). Suppose F : C → D and G : B → D are homomor-
phisms. The equiv-comma C ×≃ B is the subcategory of (F ↓ G) containing: all objects
(x, x′, τx) where τx : Fx → Gx
′ is an equivalence; all 1-cells (f, f ′, τf ) where τf is an iso-
morphism; and all 2-cells. The functors G′ and F ′ are the projections onto the first and
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second components of C ×≃ B. This gives a pseudo-natural equivalence
C ×≃ B
F ′ //
G′

B
G

C
F
// D
τ ;C⑧⑧ .
4.3.2. Proposition. Let A ×≃ E be the equiv-comma of P : E → B and F : A → B. If
P is a fibration then P ′ is a fibration and F ′ is cartesian.
Proof. We want to show that P ′ is a fibration. We first need to show that it has cartesian
lifts of 1-cells. Suppose (y, y′, τy) and f : x → y and let τˆ : τ
∗y′ → y′ be the cartesian lift
of τy.Ff : Fx→ Fy → Py
′ in B. Then (f, τˆ , η) : (x, τ ∗y′, 1Fx)→ (y, y
′, τy) where η is
Fx
Ff

1 //
Ff $$❍
❍❍
❍❍
❍❍
Fx
Ff

r
Fy
τy

Fy τy
// Py′
.
This is a cartesian lift of f for P ′.
We need to show that there are cartesian lifts of 2-cells. Suppose (g, g′, τg) : (x, x
′, τx)→
(y, y′, τy) and α : f ⇒ g : x → y. Suppose also that τx is an adjoint equivalence. Now let
αˆ : f ′ → g′ be the cartesian lift of the following composite at g′.
Fx Fα
Ff
((
Fg
66
τx &&▼▼
▼▼▼
▼▼▼
▼▼
Fy
τy
&&▼▼
▼▼▼
▼▼▼
▼▼
τg
Px′
τ x
88qqqqqqqqqq
1 //
Pg′
22
ǫ
Px′
Pg′ // Py′
Then (α, αˆ) : (f, f ′, τf)⇒ (g, g
′, τg) where τf is
Fx
Ff

τx //
1 ##❍
❍❍
❍❍
❍❍
❍❍
Px′
Pf ′



τ x

η ;C⑧⑧
Fx′
Ff

Fy′
τy

Fy τy
//
r ;C⑧⑧
Py′
.
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This is a cartesian lift of α for P ′.
We need to show that cartesian 2-cells are closed under horizontal composition. The
chosen cartesian lifts are cartesian precisely because their second component is cartesian for
P . Since P is a fibration we know that the second component of (α, αˆ)∗(β, βˆ) = (α∗β, αˆ∗βˆ)
is also cartesian. Thus the chosen cartesian lifts are closed under horizontal composition
and by proposition 2.1.14 this is enough. This makes P ′ a fibration.
Notice that cartesian lifts for P ′ have cartesian maps in their second component so F ′
is cartesian. 
4.3.3. Remark. We say that a cartesian functor F reflects cartesian maps when Ff carte-
sian implies f cartesian. It is worth noting that the F ′ above reflects cartesian maps.
4.3.4. Remark. Suppose F : C → D and G : B → D are homomorphisms. Technically,
we cannot form the pullback of F and G. The following construction is in some sense the
closest we can get. The “pullback” of F and G is the subcategory of (F ↓ G) containing:
all objects (x, x′, τx) where τx : Fx → Gx
′ is an identity ; all 1-cells (f, f ′, τf ) where τf is
an isomorphism; and all 2-cells. The functors G
′′
and F ′′ are the projections onto the first
and second components of C ×D B. This gives a pseudo-natural equivalence
C ×D B
F ′′ //
G′′

B
G

C
F
// D
τ ;C⑧⑧
This is actually an iso-comma object in Bicat2: the 2-category of bicategories, homomor-
phisms and icons in the sense of [Lac10].
Suppose now that G is a fibration. We can prove that G
′′
is a fibration using essentially
the same argument as Proposition 4.3.2. Alternatively, we can prove an analogue of a result
by Joyal and Street: when G is a fibration the pullback has the same universal property
as the equiv-comma (in the sense that the induced comparison is a biequivalence). Thus
G′ and G′′ are biequivalent in the slice over C and G′′ is a fibration.
We’ve proved the following theorem.
4.3.5. Proposition. Let A ×B E be the “pullback” of P : E → B and F : A → B. If P
is a fibration then P ′ is a fibration and F ′ is cartesian.
A quick investigation reveals that 2-fibrations are not closed under equiv-comma. They
are however closed under iso-comma as defined below.
4.3.6. Construction (Iso-comma). Suppose F : C → D and G : B → D are 2-functors.
The iso-comma C ×∼= B is the subcategory of (F ↓ G) containing: all objects (x, x
′, τx)
where τx : Fx→ Gx
′ is an isomorphism; all 1-cells (f, f ′, τf ) : (x, x
′, τx)→ (y, y
′, τy) where
τf is an identity ; and all 2-cells. The functors G
′ and F ′ are the projections onto the first
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and second components of C ×∼= B. This gives a 2-natural isomorphism τ as follows.
C ×∼= B
F ′ //
G′

B
G

C
F
// D
τ ;C⑧⑧
4.3.7. Proposition. Let A×∼= E be the iso-comma of P : E → B and F : A→ B. If P is
a 2-fibration then P ′ is a 2-fibration and F ′ is cartesian.
Proof. This proof is essentially the same as that for equiv-commas. There are no major
differences. 
4.3.8. Construction (Pullback). Suppose F : C → D and G : B → D are 2-functors. The
pullback C ×D B is the subcategory of (F ↓ G) containing: all objects (x, x
′, τx) where
τx : Fx → Gx
′ is an identity ; all 1-cells (f, f ′, τf) : (x, x
′, τx) → (y, y
′, τy) where τf is an
identity ; and all 2-cells. The functors G′ and F ′ are the projections onto the first and
second components of C × B. This gives commuting square.
C ×D B
F ′ //
G′

B
G

C
F
// D
4.3.9. Proposition. Let A ×B E be the pullback of P : E → B and F : A → B. If P is a
2-fibration then P ′ is a 2-fibration and F ′ is cartesian.
Proof. The proof is essentially the same as Proposition 4.3.7 but much easier because the
isomorphisms are equalities. 
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